MATHb524 — Spring 2025
Problem Set: Week 6

1. (Subgaussian Chaining and Dudley’s Entropy Integral)

Let (T,d) be a non-empty metric space and X; be real-valued random variables for ¢ € 7. Suppose E[X;] =0

for all t € T and assume the subgaussian increments condition

E[exp ()\(Xt — XS))] < exp (ACl(;’t))

for all s,t € T. Assume that there is a countable subset 7' C T with sup,c+ X; = sup, ¢y X almost surely.

(a)

Show that if ¢1,...,ty € T and s1,...,sy € T satisfy maxi<;j<n d(s;,t;) < J then

E [ max (th XSJ.)] < d+/2log N.

1<5EN
Hint: you may wish to show first that if A > 0 then maxi<j<ny z; < %log Z;\le exp(Az;) for any x; € R.

Solution: The hint can be proven directly as

1 1
1I<r§a<xN Tj =5 log exp ()\ maéxN acj) =5 log H;a<X exp(Az;) < 1ogzlexp AZ;).
j

So by Jensen’s inequality, assuming 6 > 0 and N > 2,

1 N
X Z [exp( .—XS].))}
< llog (Nexp </\2262>) = log)\N + % <dy/2log N,

E | max (th—XS }<IE logZexp( - X, )

1<G<N

>

where the last inequality follows by setting A = 7Vzl(§”5N. Now if § = 0 or N = 1 then it is easy to see that
Xi; — Xs; = Xi, — X, almost surely for all 1 < 4,5 < N and the result holds as E[X;, — X,,] = 0.
For € > 0 we say a subset 7. C 7T is an e-cover of (7, d) if sup,c7 infse7: d(s,t) < e. The covering number
N(e, T,d) is the cardinality of the smallest e-cover. Show that if e <&’ then N(e,T,d) > N(¢', T, d).
Solution: This follows because every e-cover is an &’-cover, so the smallest e-cover must be at least as

large as the smallest &’-cover.
Define the diameter D = supy ;7 d(s,t). Show that if D = oo then N(e,7,d) = oo for all ¢ > 0.
Hint: You may choose to prove this result by contradiction.

Solution: Suppose for contradiction that N(e,T,d) = N < oo for some € > 0. Let Ty = {t1,...,tn}
be a e-cover and take s,t € T. Without loss of generality we can order the points so that d(s,t1) < ¢
and d(t,ty) < e. Then by the triangle inequality, d(s,t) < d(s,t1) + Z;v:_ll d(tj, tjy1) + d(t, ty) <
2e + (N — 1) maxi<; js<n—1 d(tj,t;). But then taking a supremum over s,t € 7 shows that D < oco.

For the remainder of this question we will assume D < oo.



(d)

For k > 0 let T; be a (27%D)-cover of (T,d) with cardinality Ny = N(27*D,T,d) and for all t € T
let 74 (t) € Ty satisfy d(t,71(t)) < 27%D. Using the result from part (a), show that d(my1(t), 7 (t)) <
3-27F71D and deduce that

E{sup (Xﬂ'k+1(t)7 Fk(t)) <3 -2 kD\/lOgN]H_l

teT

Solution: By definition of 71, we have d(mg11(t), Tk (t)) < d(mra1(t),t) +d(t, 7 (t) < 271D+ 27%D =

3-27%"1D. Now apply part la to X X (t)- There are at most Ny N1 such variables so

mTet1(t) T

E |sup (X, 6) — X,Tk(t))] <3275 1Dy/210g(NNiy1) < 3-2777'Dy [2log(N2,,)
teT
<3-27%"D/log N1 1.

Show that Ny = 1 and by considering the chain ¢,y — tr, (1) — -+ — t show that

E [supXt} < 622 *D+/log Ny,.

teT

Hint: first assume that T is finite, then extend to the countable setting, and finally to a general set T .

Solution: Ny = 1 because any singleton subset of 7 is a D-cover. Suppose that 7 is finite and take
To = {to}. Let 275D < inf{d(s,t) : d(s,t) # 0} so that T = T and note that since E[X;,] = 0,

E|supX;| =E [sup (X; — X =E [sup (X, - X, su ,r .
Leg t} Leg( ‘ to)] Leg( NG m] Legkzo er(®) ~ Xr(0))

t

K—
Z |:S X () — X (0) } <3 Z 2” kD\/logNkH < 622 kD\/logNk
By considering Riemann sums, prove Dudley’s entropy integral:

E [supXt] < 12/ Vieg N(e, T,d)de.
0

teT

Solution:
E {supXt} <GZ2 #D\/log N(2-5D, T d) _122/
teT
< 12/ V1og N(e,T,d)de.
0

Since this does not depend on the cardinality of T, it must also hold if 7 is countable by the monotone

27*D
\/log N(2-%D,T,d)de
D

k—1

convergence theorem. By separability it holds for general 7 since sup;c X = supy ¢+ Xy almost surely

for some countable 7.



