MODULARITY OF THETA FUNCTIONS OF INTEGRAL WEIGHT

MARTIN STOLLER

ABSTRACT. We give a self-contained proof of the fact that theta functions attached to even lattices
in even dimensional Euclidean spaces, weighted by harmonic polynomials, are modular forms of level
equal to the level of the lattice, with respect to a quadratic (Dirichlet-) character. This is a classical
result due to Hecke and Schoeneberg. Our exposition partially follows Schoeneberg [4] and Kocher-
Krieg [2]. We also discuss an alternative approach using a Weil-type representation of SL2(Z) on
the discriminant groups of such lattices, describing the modularity of vector-valued theta functions,
whose components are shifted theta functions.

1. MOTIVATION

It is well-known that theta series attached to positive definite integral quadratic forms exhibit
modular behavior. They give many examples of modular forms. In this context, a relatively rich
and relatively simple class of quadratic forms are the positive definite integral quadratic forms in
an even number of variables with even integral Gram matrices. By expressing these theta series as
linear combination of Eisenstein series, one obtains formulas for the representation numbers of these
quadratic forms.

The goal of these notes is to write up a complete, self-contained and (relatively) direct proof of
the fact that the theta series attached to those types of quadratic forms (weighted by a harmonic
polynomial) define modular forms. More precisely, we will show that that for all even integers n > 2,
all even lattices L C R™ of level N > 2 and all harmonic polynomials P on R™ of even degree § > 0,
the theta series O p(2) = > <1, P(v)e™il*I*= defines a modular form in My(To(N), x) € My (T'1(N)),
where k =n/2+ 9§ and x : (Z/NZ)* — {£1} a quadratic Dirichelt character depending only on k, N
and the discriminant disc L. We give precise statements in Theorems 1, 2 and 3, which we prove in
83, after fixing notation and gather some auxiliary results in §2.

Our exposition is based on the books [4] and [2], with some variation and simplifications here and
there. The main result (Theorem 3) is often attribued to Erich Hecke and Bruno Schoeneberg, see [5]
and the references therein.

2. NOTATIONS AND PRELIMINARY FACTS

We collect a few basic definitions and facts that will be used in the sequel. Readers may also go
directly to §3 and refer back to this section as necessary.

2.1. Lattices. We denote the standard Euclidean inner product between vectors x,y € R™ by (z,y)
and we write |x| = y/(z, z) for the associated norm. Let L C R™ be a lattice with dual lattice

L*={yeR" : (z,y) € ZVx € L} CR".
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Recall that L is said to be integral, if {(x,y) € Z for all x,y € L and even, if (z,z) € 2Z for all x € L.
The latter property implies the former. If L is even, we define the level of L to be the smallest positive
integer N > 1 such that N'/2L* is again an even lattice. Given a Z-basis e1,..., e, of L, the associated
Gram matrix is the symmetric, positive definite matrix @ = ({e;, €;j))1<i,j<n- It depends upon the
basis of L and changing the basis changes the Gram matrix Q to B‘QB, for some B € GL,(Z). Tt
follows that the discriminant disc L := det @ > 0 is well-defined (in the sense that it depends only
upon L and not upon the basis of L). If L is integral, then disc L is a positive integer. Also, if L is
integral, then any Gram matrix of L has integral entries and if L is even, then the diagonal entries are
in addition even integers. The covolume of a lattice L C R™ is the absolute value of the determinant
of any Z-basis of L, assembled as rows (or columns) into a matrix. We denote it as |L| or covol(L). It
also equals measure of the quotient group R"™/L (taking the counting measure on L and the standard
Haar measure on R™ which assigns volume 1 to [0, 1]") and we have |L|? = disc L . Indeed, if BZ" = L,
for some B € GL,(R), then B'B is a Gram matrix of L.

2.2. Fourier transforms, Gaussians, Poisson summation. For any integrable function f : R™ —
C, we define its Fourier transform f :R" — C by

fo = | f@e o,
R™

We will need the following well-known fact.

Lemma 2.1. Let P : R™ — C be a polynomial which is homogeneous of degree § > 0 and annihilated
by the Laplacian A, i.e. such that AP = 0. Then

P(z)e ™" e=2mi@0) ge — (—i)° p(&)e ™I (2.1)

R"L
Proof. This is easy if n = 1, so assume n > 2. The space Hs(R") consisting of all P as in the
statement is a finite dimensional, irreducible representation for the orthogonal group O(n) (acting by
precomposition). From this, one deduces that it suffices to verify (2.1) for a single nonzero P € Hs(R™).
A computation gives the claim for P(z) = (21 + ixs)°. O

Remark 2.1. Lemma 2.1 says that P(ac)e_”"’?|2 is an eigenvector for the Fourier transform with
eigenvalue (—i)°. The eigenvalue depends on choices of normalization, in particular, on the minus sign
in —27i(x, £) in our normalization of the Fourier transform. If we change the sign in this normalization,
the eigenvalue is instead i°. Note that if § is even, there is no difference between the two eigenvalues.

We shall need a version of Lemma 2.1, in which the Gaussian is “scaled” by a complex number
in the upper half plane H = {z € C : Im(z) > 0}. In the following (unless specified otherwise), for
z € H and o € C, the complex number (z/4)* is defined as (z/i)* := exp(alog(z/i)), where we fix the
holomorphic logarithm z +— log(z/4) by requiring that it equals 0 at the point i.

Corollary 2.1. If P is as in Lemma 2.1 and z € H, then

/ P(m)e”izlm‘Qe_Qm(m’5>d§ = (—i)‘s(z/i)_"/Q_‘SP(g)e_”‘f‘z. (2.2)

Proof. Define f.(z) := P(x)e™I*I". We need to show that
Fo(6) = (=) (2i) ~0="/2P(g)emi-1/2)IE,
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for all £ € R™ and z € H. For fixed £ € R™, both sides of this identity depend holomorphically upon
z € H, so it suffices to prove that

fir(€) = (i) 02 P(§)em DI,
for all ¢ > 0 and all £ € R™. We have
?z\t(f) = P(x)e_”tlilze_%“w’adx (by definition)
Rﬂ,

=72 [ p(t=V/241 )t el g 2milt! a2 yon /2 g (writing x= t_1/2t1/2x)
Rn

= ¢ /2 P(t_1/2y)e_”|y‘26_2”i<y’t71/25>dy (changing variables y = tl/zx)
]Rn

= ¢~n/279/2 P(y)e_”‘ylz6_2”i<y’t71/25>dy (using that P is homogeneous)
]R'n.

= ~/278/2;=3 p(4=1/2g)e =t T %€ (uging (2.1))
= @‘*515*”/2*5]3(5)@*”(1”)|5|2 (using that P is homogeneous),
as desired. g

Corollary 2.2. Let L C R" be a lattice and let P : R™ — C be as in Lemma 2.1. Then, for all z € H,

we have
ZP(}\)GM‘W% (i) (s i) /2 i Z P/
Xel 1Ll et

Proof. This follows from Corollary 2.1 and the Poisson summation formula, which says that for any
Schwartz function f : R™ — C, one has

We apply it to f(z) = P(ac)e”z‘””|2 and use Corollary 2.1. O

2.3. The modular group. Given a matrix v = (‘C‘ S) € SLy(R) we will use the notation ¢y, = ¢,
dy = d. For each v € SLy(R), we define a function

W) H = CF, u)(z) =, 2) = ez 4 d.

Then we have the cocycle property p(y172,2) = p(vy1,v22)u(y2,2) for all 1,72 € SLo(R) and all
z € H. It can also be written as u(y1v2) = (u(v1) © v2) - p(y2) (by slight abuse of notation). We use
the following abbreviations for generators of the group SLo(Z):

=) ()

The defining relations for SLy(Z) are S? = (ST)3, S* = I, while those of PSLy(Z) are' S = 1 = (ST)3.
For any positive integer N > 1 we have the congruence subgroups

I'(N)={y€SLy(Z) : ¢cy=0,ay,=dy=1 (mod N)}alg(N)={y €SLs(Z) : ¢, =0 (mod N)}

Lwhere S and T should now be replace with their images in PSLa(Z).
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2.4. Gauss sums, quadratic residue symbols. Here, we recall a few definitions and facts about
Gauss sums and quadratic residue symbols.

For all a,q € Z, q # 0, we define the Gauss sum G(a,q) = Zzez/qze(aﬂ/q), where e(r) := 2™,
We also write e4(r) = e(r/q) sometimes. For odd and positive ¢ > 1 with prime factorization
q =41 L. (no necessarily distinct primes ¢;) and any a € Z, we define the Jacobi symbol

()-1()

where the factors in the product are the Legendre symbols. For all odd ¢ > 1 and all a coprime to ¢,
one has

Glavo) = (%) Gta) = (%) Ve,

where

(2.3)

o 1 ¢g=1 (mod4),
Tl ¢=3 (mod4).

p—1

We recall that ¢ — 53 is the non-trivial Dirichlet character mod 4 and that 5]20 =(-1)"—= = (_71)

For all odd, positive and coprime integers p, ¢ we we have the (generalized) quadratic reciprocity law

(&)= ()

By factoring p an ¢, it reduces to the case of distinct odd primes.

3. THETA FUNCTIONS AND THEIR MODULAR BEHAVIOR

We fix an integer k£ > 1, set n := 2k and fix a positive definite, symmetric n-by-n matrix @ with
integral entries and even diagonal entries. Given v € R", we write Q[v] := v'Qu. We fix some integer
N > 2 such that NQ~! has integral entries with even diagonal entries.? Recall that @ and Q! admit
unique, positive definite, symmetric square roots, which we denote by @'/2 and Q~'/? respectively;
thus, we have Q[v] = |Q"/?v|? for all v € R™. We fix a harmonic polynomial P : R” — C, homogeneous
of degree § > 0. To this data, we attach the theta function

O(z) :=O¢,p(z) = Z P(QY/?p)em=@ll — Z P()\)eml)“zz, z € H.
vEL™ AeQ1/27n

Our goal is to study how © transforms under SLy(Z) and to show that it is modular of weight k + §
on I' (V) and modular on T'g(N) with respect to a certain character mod N.

3.1. First step: modularity with respect to a character. Our first goal is to prove the following
theorem. We will refine it in the next section.

2We restrict to N > 2 so that we can use the fact that dy # 0 for all v € To(N). If Q71 is also integral with even
diagonal entries, then it is a well-known fact that ¥ = 0 (mod 4) and that the theta functions attached to @ are in
M, (SL2(Z)) or Sk4+5(SL2(Z)) if they are weighted by a harmonic polynomial of degree § > 0, see Theorem 6.
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Theorem 1. In the above notation, the following holds. Suppose that © = ©g p does not vanish
identically (in particular, the degree § of P is even®). Then there exists a unique character 1 : To(N) —
C*, depending only on Q, k and N, such that

€] (Zji;) = () (cz + A)FT9O(2)  for all v = (Z z> €To(N),z € H. (3.1)

A formula for ¢(v) as a (generalized) Gauss sum is given in (3.6).

It is remarkable that the transformation properties of ©¢ p depend on P only through the degree ¢
of P. The proof of Theorem 1 will occupy the remainder of this section. Note that we can write (3.1)
as

O(v2) = ¥(y)u(v, 2)*°0(2). (3.2)

The uniqueness of the character 1 is clear, because if the above holds for ¥ = 1,5, then, upon
taking differences, we get 0 = (11 (7) — ¥2()) (7, 2)¥T20(2) for all v € To(N) and all z € H. Since ©
does not vanish identically by assumption, this implies 11 () = ¥a (7).

Now we turn to the existence proof of 1, which will culminate in the formula (3.6), after two-fold
application of Poisson summation and a rearrangement of sums in between. Consider an element

v = (Z 2) € To(N).

Note that we always have d # 0, since N > 2 by assumption. If ¢ = 0, then vz = z+m for some m € Z
and hence O(yz) = O(z + m) = O(z) since @ is even.We also note that (3.2) implies that ¢ should
have the property 1(—1I) = (—1)*. We keep this in mind and now assume ¢ # 0. A key ingredient in
the proof is the following elementary identity

1 1 1
’yz:g—izg——:g—i—ﬁ(—l/ﬂ, where 7:=z+d/c e H. (3.3)
c

¢ clez+d) ¢ At ¢
Using (3.3), we can write
O(z) = Z P(QY?v)emi(a/RQL gmi(=1/T)Qlv/c]
vEL™
We will divide the v-sum into residue classes mod ¢Z"™. We observe that for all r, h € Z™, we have
Q[r + he] = Q[r] + 2¢r*h + Q] = Q[r] (mod 2¢), and P(QY2(r + he)) = S P(QY?(h +1/c)),

We temporarily fix a complete of coset representatives R. C Z™ for Z" /cZ™. We write v = ch +r with
heZ", and r € R, to get

@(72) 265 Z e7ri(a/c)Q[r] Z P(Q1/2(h_|_7,/C))€7ri(71/r)Q[h+r/c].
reR. hezZn

Applying Poisson summation to the inner sum, we get

@(’)/Z) — 85(_2-)5(7_/i)k+6(det Q)71/2 Z eﬂi(a/C)Q[T] Z P(Qfl/ZU)em'rQ’l[v]e27riut(r/c)'
reR. vEL™

3Note that, by changing v to —v in the sum defining ©, we obtain O(z) = (—1)°6(z).
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Recalling that 7 = z + d/c, we rewrite this as

O(r2) = (¢ (=) (= + (d/e) /i) (der Q) /%) x

Z emila/e)Qlr] Z P(Q—l/Qv)esz*I[1)]eﬂi(d/C)Q71[7)]627fi7’t7"/c. (3.4)
TER. VEL™

We would like to interchange the sum and show that the resulting inner sum over r € R, is independent
of v and then apply Poisson summation one more time. Unfortunately, this does not quite work at
this point; we need one more trick, partly based on the observation that above computation holds for
all v € SLy(Z) with ¢y # 0 (indeed, we haven’t yet used the assumption that v € I'o(N)). We write
6(72) = O(10(~1/2)), where

S 1 I VA e P

Since v € T'g(N), we have 0 # d = ¢g. Thus, upon replacing (v, z) by (70, (—1/2)) in (3.4), we get

©(yz) = O(10(-1/2))
=A,(2) Z eTi(a0/co)Qr] Z p(Q—l/%)em(—l/z)Q*l[v]em(do/co)Qfl[U]ezmtr/co

re€R(Z™ [coZ™) vEL™
=A,(2) Z P(Q_l/%})em‘(—l/z)Qfl[U] Z eﬂi(ao/CO)Q[T]em(do/Co)Q71[1’]627Ti’ut7’0/007 (3.5)
vEL™ r€R.,,

where
Ay (2) = (=)’ (((—=1/2) + (do/co)) /i) (det Q) /2.

As a next step, will show that the inner sums

(I)v(’YO) = Z €2¢, (GOQ[T] + dOQ_l[’U] + 2Tt’l)), eq(w) — 6271'1111;/(17
r€R.,

do not depend upon v (then we will apply Poisson summation to the v-sum). Note at this point that the
sum does not depend upon the set of coset representatives R, ; it is really a sum over Z" /cyZ"™. Recall
also that dyg = —c is not zero and that dy is a multiple of N, hence doQ~*[v] = (do/N)NQ~'[v] € 2Z
for all v € Z™. We want to apply a change of variables to complete the square in the finite sum ®, (o),
by replacing r by r + &, for a suitable & € Z" /cyZ™. We compute

aoQ[r + €] = aoQ[r] + 2aor' Q€ + aoQ[€].

Motivated by the fact that we see the term 2rtv in ®,(70), we take & = AQ v here, for some \ € Z
to be determined. Then

aoQ[r + &) = aoQ[r] + 2aAr'v + agA*Q ™' [v].
From 1 = agdy — bpcg, we obtain

2= 2a0d0 — bo(ZCQ) = 2a0d0 (mod 260).
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Consequently, if we take A = dy, then
aoQ[r + €] = aoQ[r] + 2aodor'v + aodz Q™ [v]

= apQ[r] + 2aodor'v + (2a0do) (doQ '] /2)

= aoQ[r] + 2r'v + 2(doQ@*[v]/2) (mod 2cp)

= aoQ[r] + 2r'v + doQ*[v],
where we used that (dg@Q~![v]/2) € Z! Thus, we indeed have independence of v:

Py (70) = Z eeo (aoQlr]/2) =: ®(70).
rEZ™ coln
As we announced, we can now “pull out” the inner finite sum in (3.5), that is, ®(vy) and apply Poisson
summation to the remaining v-sum, giving
O(72) = ®(10) A4 (2) Y PQ2v)e™ /A = d(y9) A, (2) (i) (2/3) ™F* (det Q)1/20(2).
veZn

We are almost done. We only need to simplify the factors in front. We recall that ¢y = d, dg = —c
and compute

k+0
A0 (i) et @2 = - (LRI ) T der )2 (2) T (e )2

7

= (i) <(—l/z) + (=¢/d) %)H& — dF(ex + d)

) )

where we used — for the first time — that %k is an integer and that § is an even integer. Thus, we have
proved that

O(z)=[d* > eadQlr]/2) | (cz+d)*T0(2).
reznr /dzn
We assumed that ¢ # 0, but note that above identity also holds if ¢ = 0. Indeed, if ¢ = 0, then
d € {£1} and, as noted earlier, ©(vz) = O(z), while
d* Y eadQlr]/2)(cz + ) = dFd = d’ =1,
rezn /dZn
since 0 is even. Thus, to prove the theorem, we must show that the function ¢ : T'o(N) — C, defined
by
_ a b
=t Y Qi = (0 5) ern Wz, (36)
reZm™ /dLm

is a actually a group homomorphism from I'g(N) to C*. First, it follows from ©(vz) = ¥ (y)u(7, 2)0(2)
that () # 0 for all v € T'o(NV), because if we had () = 0 for some 7, then O(yz) =0 for all z € H,
hence O(7) = 0 for all 7 € H, contradicting our hypothesis that © # 0. Moreover, we have

Dy (mre, 2)H00(2) = O(n(122)) = Y1), 722) 0 0(122)

= P(n)nn:722) () p(re, 2) 0O (2).

Appealing to the cocycle relation p(y17y2) = (u(v1) 0 ¥2) - u(y2), we deduce

Y(1172)0(2) = (7)Y (12)0(2).
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As we are assuming that © does not vanish identically, this implies ¢ (y1v2) = ¥(71)%(72), as desired.
Hence ¢ : Tg(N) — C* is indeed a homomorphism and this finishes the proof of Theorem 1.

3.2. Second step: Determination of the character. We retain the set up and the notation from
the previous section. In particular, © abbreviates ©g p. We now assume that N is in fact equal to
the level of Q, the smallest integer N > 1 such that NQ ™! is even integral. As before, we assume that
N > 2. Tt is not hard to check (using division with remainder) that for all m € Z such that mQ~" is
even integral, we have N|m. In particular, we have N|2det @, because (det Q)@ has integral entries,
since Q7! = (1/det Q)Q*¥, where QY is the adjuagte matrix whose entries are minors of @ and thus
integers.

We would like to know more about the character v, whose existence is guaranteed by Theorem 1
and is written down explicitly in (3.6).

We first claim that ¢(yT™) = (y) for all m € Z and all v € T'x(NN). To prove this claim, note
that, on the one hand,

O(YT™z) = (YT u(yT™, 2)k0(2)
= P(yT™)u(y, T™2) (T, 2)FH00(2)

= (YT pu(y, T™2)*°0(2), (3.7)
since p(T™, z) = 1. On the other hand, we have
O(yT™2) = Y()u(y, T™2)"°O(T™2) = Y(y)u(y, T™2)" O (2), (3.8)

since ©(T™z) = 1. Subtracting (3.8) from (3.7), we get

0= (b(yT™) — (7)) p(v, T™2)F0(2).

Choosing a point z € H such that ©(z) # 0 (recall our standing assumption that © does not vanish
identically), we get the claim. We have

(0= ).

What we just proved, combined with (3.6), gives

b)) =dF > ea®Qlr]/2) =(d+me)™F Y eqime((b+ ma)Q[r]/2). (3.10)

rezn /dzn rezn /(d+me)zZn

Suppose next that ¢ # 0, and that m € Z is an integer such d + mc = p is an odd prime number. By
Dirichlet’s theorem and since ¢ and d are coprime, there are infinitely primes of this form. Under this
assumption,

Y(y)=p" ep(AQ[r]/2), A=b+am. 3.11
() Y e(0QIr/2) (3.11)

rezn [pLn

Note that A defines an element of )\ since 1 = ap—(b+am)c = —cA (mod p). Choose a = «, € Z such
that 2 =1 (mod p). Then, for all r € Z", we have AQ[r]/2 = AaQ[r] (mod p) and so e,(AQ[r]/2) =
ep(aAQ[r]). The symmetric, Z-bilinear form (r,s) — (Aa)r'Qs, Z™ x Z" — Z induces an F,-linear
form on the F,-vector space V, := Z" /pZ™. A standard fact about symmetric bilinear forms over fields
of characteristic # 2 (non-degenerate or not) is the existence of A € Autp, (V) and t; € Z, so that
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Q[Ar] = 37 t;r? 4+ pZ™ for all r € V, and so that det(A)2(t;---t,) = det @ (mod p). Therefore,
recalling the Gauss sums G(a,q) = ZweZ/qZ eq(2?) and their properties from §2.4, we have,

n

b(v) = p’“f[lG(/\ati,p) =p’”/2£[1 (?) G(1,p)
(a)\)”(t1~-~tn)) o (detQ) ’

P P\ p

=p "?G(1,p)" (

provided that p 4 det @, so that we can use G(At;,p) = (%) G(1,p). Note that (aX)™ € IF;Q is a
square, since n is even. The final simplification is

0= (%)= (52) - (5) (59 - (5=9)

This holds if ¢ # 0 and for all odd prime numbers p such that p = d (mod ¢) and p { det @ (of which
there are infinitely many). Note that this implies in particular that ¥ (y) € {£1} for all v € To(N).

We proceed with some other consequences of (3.10) and (3.11). Let us define, for any b, d € Z which
form the second column of matrix in I'y(N), the sum

Gob,d):=d™* > ea(bQ[r]/2).

rezn /dzn

So Gg(b,d) = () for v € I'y(N) with b = b, and d = d,. For any nonzero p € Z, not necessarily
a prime number for now, let ¢, € C* be a primitive |p|th root of unity, let Q({,) denote the smallest
subfield of C containing ¢,. Recall that that Q((,)/Q is Galois and that (Z/pZ)* = Gal(Q(¢,)/Q).
An isomorphism is given by assigning to h € (Z/pZ)*, the unique automorphism of Q((,) extending
o G-
Now consider an arbitrary v = (2 %) € I'o()V) and an arbitrary m € Z. Recall that (3.9) implied
Gg(b,d) = Gg(b+ ma,d+mc) € Q(Catme)-

Since m is arbitrary, this gives a (second®) proof of the fact Gg(b,d) € Q. Indeed, d + mc can take
two coprime values, two distinct odd primes for example, and Q(¢,) N Q(¢,) = Q for coprime p, p'.
Let us write, as we did above, A = b+ ma and let \' € Z be such that AN =1 (mod d + mc). The
automorphism of Q(Cgyme), extending Ciime — Cfl‘;mc sends Gg(A,d + mc) to Go(1,d + me). But
Gg(A, d+me) is also a rational number, so applying this automorphism has no effect on this sum and
hence
Go(b,d) = Ggo(b+ me,d+mc) = Ggo(l,d+mc) = Gg(1,d).

This shows in particular that () depends only on the lower right entry d = d, of 4! Let us now
write ¢ = N¢' for some ¢’ € Z. Then the matrix v = (1‘\1] bg’) belongs again to I'g(N) and has the
same lower right entry as « and so

Go(l,d) =¢(v) =¥(Y) = Go(bc', d) = Go(1,d + mN).

Thus we see that () depends in fact only on the residue class d, + NZ € (Z/NZ)*. In particular,
since ¥(I) = 1 and I has lower right entry 1, we get that « is trivial on I'1(N). Finally, let us recall
that the assignment v — (d, + NZ)*, gives rise to an exact sequence of groups

1—=T1(N) = To(N) = (Z/NZ)* — 1.

dwe already showed that, Gq(b,d) € {£1}, but note that the above argument is independent of this.
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Since % is trivial on I'; (V), there is thus a unique character x : (Z/NZ)* — {£1} such that ¢(y) =
x(dy + NZ) for all v € T'o(N).
We have proved the following theorem.

Theorem 2. Let k > 1 be an integer, n := 2k. Let Q € M,(Z) be an integral, symmetric, positive
definite matrixz with even diagonal entries. Let N be the level of Q, that is, the smallest positive integer
N > 1, such that NQ™! has integral entries with even diagonal entries. Assume that N > 2. Let
P :R"™ — C be a harmonic polynomial, which is homogeneous of even degree § > 0. Suppose that the
theta function

@Q,P(Z) — Z P(Q1/2v)e7rizQ[v] — Z P()\)ewiz\)\|27 I = Ql/QZn,Z c H,

vEL AeLg

does not vanish identically on H. Then there is a unique character x = xq : (Z/NZ)* — {£1} such
that for all v € To(N) and all z € H we have

00,p(v2) = x(dy + NZ)u(7, 2)" 0 g p(2).

In the notation of Theorem 1, we have ¥(v) = x(dy + NZ). Moreover, for all v € T'o(N) with ¢, # 0
and all odd prime numbers p = d, (mod ¢,) and p{det Q, we have

-1 kdetQ)

x(d, + NZ) = (( )p (3.12)

3.3. Third setp: holmorphy at the cusps. We have shown that the theta function O¢, p transforms
like modular form in Mj45(T0(N), xq) € Mi+s(T'1(N)). It remains to show that it is indeed a modular
form. This follows from the following general principle.

Proposition 3.1. LetT' < SLy(Z) be a congruence subgroup and N > 1 an integer such that T(N) < T.
Let k > 1 be an integer and let f : HH — C be a holomorphic function which transforms like a modular
form of weight k for the group T, that is, satisfies f o~y = u(y)® - f for all v € T. Suppose that f
admits a Fourier expansion f(z) = Y oo, a(n)e* /N and that there exist real numbers C,r > 0 such
that |a(n)] < Cn" for alln > 1. Then f € M, (T).

Proof. We write z = x + iy. First we show that |f(2)| <1+ y "1 with implied constants depending
only on C,r,|a(1)] and N. For this, we first use the triangle inequality and the assumptions on a(n),
giving the uniform bound

7)) < lad |+Z|a 2N <14 e,

n=1

Next we define C,. := sup,-,t"e~" and use that for all n > 1 and all y > 0,
nr€—27my/N — (nre—ﬂ'ny/N) —mny/N _ (ﬂ'y/N)_r ((ﬂ_ny/N)re—rrny/N) < Cry (7T/N) r —ﬂny/N

The remaining geometric series is

< ~my/N 1 N
—mny/N _ _© — ~
Ze SN T N =1~y asy — 0.

This proves our first estimate |f(2)| < y~*V for y < 1. Now fix v = (2}) € SL2(Z) with ¢ # 0.
Then the function g := g := p(y)~"(f o y) transforms like a modular form of weight s for the group
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47Ty D T'(N). In particular, it is N-periodic and admits a Fourier expansion

omi N 1 iy+N i N
g(T) = ch(n)e minT/ , Cg(TL) = N/ g(z)e* Tinz/ dz.
nez iy

We need to show that ¢4(n) = 0 if n < 0 (because this means, by definition, that f is holomorphic at
the cusp yo0). The triangle inequality shows that for all y > 0 and all n € Z,
1 .
leg(n)] < = sup_|g(iy + ) >/
N zefo,n]
From here we see that it suffices find A € R, so that sup,¢ (o ny l9(iy + )| = O(y?), as y — oo. Indeed,
for n < 0, this estimate for |c,(n)|, will imply ¢4(n) = 0 as we can then let y — co. As ¢ # 0, we have

y Yy 1

= = < —
ez +d]?  (cy)?+ (cx+d)? ~ y

Im(vyz) )
so that Im(vz) — 0 as y — oo. From what we showed at the beginning of the proof, we have, as
y — oo and z € [0, N],

‘g(z)| < Im('yz)—(v"-‘rl) — |CZ + d|2r+2y—(r+1)

=22 4 (2 + d/c)2)r+1y*(r+1) Seans v

~

So what we want holds for A = r + 1. O

We may apply Proposition 3.1 to I' =T'1(N), Kk = k+ ¢ and f = Og, p, since we have

O(2) =) cpom)e®™™, cpon)= Y P,

AELG:|A|2=2n

where Lqg = Q27" C R™ and the coefficients cp,g(n) clearly grow at most polynomially. Thus we
have proved

Theorem 3. In addition to Theorem 2, we have Og p € My15(To(N), xq) € Mit+s(T1(V)).

4. VECTOR VALUED THETA FUNCTIONS

Here, we present a different approach to study the modularity properties of theta functions, by
introducing a representation of SLy(Z) on the space of functions on the discriminant group of the
lattice. This representation encodes the transformation property of a vector-valued theta function,
whose components are shifted theta functions. The idea is then to show that this representation is
trivial on a congruence subgroup, which proves the modualirty of all shifted theta functions at once.
While this section is almost independent of the others, it does not reprove Theorem 3, it merely offers
a different point of view. I hope to complete the discussion and give an alternative proof of Theorem
3 using the objects introduced here at some point.

Let L € R™ be an even lattice with dual lattice L* C R"™. We will assume in this section that
L C Q™. The latter assumption will only be used in the proof of Theorem 4 and the discussion applies
more generally whenever the statement of Theorem 4 holds for the lattice under consideration (In
certain examples of interest, this is not hard to verify). Let P : R® — C be a harmonic polynomial
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of degree § > 0. We assume that ¢ is even and consider, as before, the theta function O p(z) =
Y ovel P(v)e™"I’2. For each x € R™, we define the shifted theta function as

Oui1,p( Z P(v ”'”‘22 = Z P(v+ x)e’”'””'zz

vex+L veL

Since ¢ is even, we see that O, p(z) = ©_,11 p(2) and we clearly have O,y p = O p for all
x € L. In the following, we regard L and P as fixed and don’t always display these parameters in our
notation.

The discriminant group of L is defined as D := L*/L. It is a finite abelian group of order |L|?.
We write L?(D) for the |D|-dimensional complex Hilbert space consisting of all functions f : D — C,
equipped with the Hermitian inner product

(#1,02)L2(D) : \D\ Z o1(x

x€D

The finite abelian group D inherits from R™ a non-degenerate symmetric, Z-bilinear form D x D —
R/Z, (x + L,y + L) := {(x,y)rn + Z, for x,y € L*. Using it, we define the Fourier transform F :
L?(D) — L*(D) by

Fo() := \D\1/2 Z¢ y)), w€D,peL*D), e(r)=e""reR/L.
yeD

For later use, let us also define, for all a,b € Z, with ged(|D|,a) = 1, the unitary operators Qp, R
L?(D) — L*(D) by

Qud(x) = e((b/2)[2[*)d(z), Rad(z) = d(az).

We will abbreviate Q := @1, so that Q, = QV for all b € Z. Finally, we we define the L?(D)-valued
function © = Oy p : H — L(D) by

O(z)(z) := Op41,p(2), forxeD,zeH.

For z € D we write e, € L?(D) for the function e, (y) = §(z,y) (Kronecker delta), so that we can also
write

5 z) = Z Oy+r,r(2)ey

yeD

We will see that the operators @ = @1 and F describe how 6 transforms under the action of the
generators S, T € SLo(Z). To see how T acts, we note that for all z € L* v € L z € H we have
eﬂ'i|m+v|2(z+1) — e7ri|1:+v\2267ri(\m|2+2<r,v)+|v\2)

o2 2
— 67r7,\:v| eﬂ'z|m+v| z
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This implies Oy 1 p(z + 1) = e”|$|2®m+L,p(z) and ©(z + 1) = QO(z) for all z € H. To see how S
acts, we compute, for each z € L*/L, using Poisson summation (Corollary 2.1),

Ouir.p(—1/2) = Z Pz + U)eﬂi|x+1)|2(—1/z)

veL

1 2 A
n/2+6 ;=9 ﬂ'zz\w| —27i{z,w)

= (2/1) W > Pw e
weL*

1 N .
- (z/i)”/”‘;f‘sm > D P+ v)emiFly ol g =2mi(eyto)

yeL*/LveEL

1 .

= (2/i n/2+6i—57 (e} Py e—27rz(y,a:).

(/1) 7 > Oyp(2)
yeL*/L

Here, in the second step, our normalization of the Fourier transform and Poisson summation would

more naturally give the factor e2™*®) instead of e~27*®) bhut by changing variables w to —w and

using that § is even, we get the above form. Since |L|? = |D| this shows that

O(=1/2) =i~°(z/i)"/* " F(6(z)).

Here, n could be even or odd (in which case (z/i)"/? is defined as explained after Lemma 2.1). From
now on, we assume that n = 2k, k € Z>1 is an even integer. Again, since J is even, we can then write
the above as
O(—1/z) = ik F(6(2)).

We now ask whether the assignments S+ i"¥*F and T — Q = Q; extend to a group homomorphism
SLy(Z) — U(L?(D)) (= group of unitary operators on L?(D)), which might allow us to describe the
action of all of SLy(Z) on ©. To see whether this is true, we need the (not so well-known) fact that
the relations S% = (ST)? and S* = I are defining relations for SLy(Z), meaning that the group SLy(Z)
could be abstractly defined as (s,t|s* = 1,(st)> = s2). (In contrast, PSLy(Z) = (s,t : 82 =1 =
(st)3)); we already mentioned these facts in §2.3. The relation S* = I is not a problem, because,
(imF)* = F* = id[2(p) for all m € Z, by Fourier inversion. For the relation (ST)* = 52 we need to
do a computation.

Lemma 4.1. In U(L?(D)) we have (FQ)3 = ypF?, where vp : |D|1/2 > veb emilzl?

Proof. Given x,y € D we write, in this proof, for typographical convenience, simply zy = (z,y),

2? = (z,x). By Fourier inversion, we need to show that

FQFQFQ¢(z) = ypo(—x)
holds for all z € D and all ¢ € L?(D). By linearity, it suffices to prove this for all functions ¢ = e,.
We fix g € D and write ¢g := €z, s0 ¢o(z) = 1 if & # 29 and ¢o(x) = 0 otherwise. Naturally, the
computation will proceed in six steps. Step 1:
Qeo(x) = ¢o(x)e(x5/2).
Step 2:
1
FQeo(x) = e(x5/2)Fo(x) = e(xﬁ/Z)We(—MO)

Step 3: . .
QFQdo(x) :e(iv?)/?)we(—xxo) e(2?/2) = D)z e((1/2)(x — x0)?).
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Step 4:
FQFQéo(x) = 175 D| > el(1/2)(y = x0)?)e(—yx)
yeD
- %'a—m) S el(1/2)(y — 20)*)e(~(y — z0)e)
yeD
1 2
= ﬁe(—xxo);je((lﬂ)z Je(—zx)
1
- ﬁe(—xxo) ZEZDe((m)(z? — 2z21))
1 2 2 2
= ﬁe(—xxo) ;je((l/Q)(z —2zx 4 2° — x%))
1
= We(—xxo)e(—x2/2)’yp,
Step 5:
QFQFQéo(x) = vDm%/ge<—mo>e<—w2/z>e<x2/2> - wm%ﬂd—m).
Step 6:
FQPQFQi(x) = 157 757 3 cloymet=) =01y 5 3 elyle + 20) = 000(-).
This proves what we wanted. O

The Lemma shows that, for any fourth root of unity ¢ € C™"), we have

(CFQ)® = C(FQ) = CypF? = (yp(CF)*. (4.1)
This implies that S — (F, T + @ extends to a homomorphism SLy(Z) — U(L?(D)) if and only if
(vp = 1. Remarkably, vp does not depend on the lattice L, but only on the dimension n, as the next
theorem will show. For its proof we start similarly as in Appendix 4 to [1], but can then simplify the
end, as we only consider positive definite lattices. The assumption that n is even is not used in the
proof given below.

Theorem 4. In the above notation, we have yp = e2min/8
Proof. Let us recall that yp = (L) := \%I Dover /L emi"l* . We pause to note that ~(L) is well-defined
for all even lattices L C Q™ C R™. Suppose we have two such even lattices L1, Ly C Q™. Then the
intersection L1 M Ly is also an even lattice in Q™ and of finite index in L and in Ls. This is so because
we can find M € Z>;, a common multiple of all denominators of all coordinates of some chosen basis
vectors for L and Lo, such that MZ" C L1 N Ly C (1/M)Z"™, proving that L N Ly is a lattice in Q™.°
Now consider an arbitrary sub-lattice A C L of finite index. We claim that (L) = y(A). To prove
the claim, we note the inclusions
ACLCL*CA*.

5The intersection of two general lattices in R™ need not be a lattice (of full rank), as the example Z N v/3Z = {0}
shows.
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Let X C A* be a complete set of coset representatives of A*/L and let Y C L be a complete set of
coset representatives for L/A, so that A* = Uex (¢ + L) and L = Uyer(y +A). Then

[Alv(A Z Z emlm+y| Z em‘le Z e2milT,y) _ Z 6M‘I|2 Z 627”@,96)’

rzeX yey zeX yey rzeX LeL/A

where we used that |y|? € 27 for all y € Y. For each fixed € X C A*, the character £ — €276 ig
trivial on L/A, if and only if © € L* and so

v(A):% S el

Al e

So far, X was arbitrary, let us now write X = {a +b}(q,p)caxn, where A C A* and B C L* are chosen
so that 0 € A, A* = Ugea(a+ L*) and L* = Upep(b+ L). Then a +b € L* < a = 0 and hence

B |L|1<|A il |L/|1A\|||L7<L> = (L),
beB

since the ratio of covolumes |A|/|L| = [L : A] = |L/A|. This finishes the proof of the claim.

By what we have shown so far, it suffices to evaluate (L) in the case where L = 2Z"™ (for example),
which we will do now. We have |L| = 2™ and L* = (1/2)Z"™, so D = (1/2)Z™/2Z"™. Letting e; € Z"
denote the ith standard basis vector, we readily check that

(Z/4Z)" — D, (21 +4Z,... 2, +42) — 3 Zmzel +L, z€Z,

is a well-defined isomorphism of finite abelian groups. It follows that

n

~(22") = 27" H Z omirs /4 H (1/2) (1 1oemi/4 | emi g em‘/4) _ H (e‘n'i/4) — emin/4,

j=1r;€L/4Z j=1 j=1

as desired. O
Using Theorem 4 and Lemma 4.1 we can now prove the following theorem.

Theorem 5. Let the notations be as above. In particular, k > 1 is an integer, n = 2k, L C Q"
is an even lattice with discriminant group D = L*/L. There is a unique unitary representation

p = pr : SLo(Z) — U(L?*(D)) such that

p(S)=i"*F, and p(T)=Q.
Furthermore, for every harmonic polynomial P : R™ — C of even degree 6 > 0, the L?(D)-valued
function © = O, p : H — L?(D), defined as above, satisfies

6(y2) = p(y, 2)*p(7)6(2) (4.2)
for all v € SLa(Z) and all z € H.

Proof. As discussed after the proof of Lemma 4.1, if { € C* is a fourth root of unity, then T' — Q,
S+ (F extends (uniquely) to a morphism SLy(Z) — U(L?(D)), if and only if (yp = 1. Since n = 2k
is even, we have yp = i¥, by Theorem 4. Thus, taking ¢ = i~* achieves what we want. For the second
assertion, note that the representation p allows us to define a right- action of SLs(Z) on the space of
all functions ¥ : H — L2(D) by (J]7)(z) := u(y, )*k*‘sp(’y)ﬁ( ) Then 4 is fixed by this action, if and
only if it is fixed by S and T". We can now apply this to J=6. 0



16 MARTIN STOLLER

Remark 4.1. The composition of the representation p in Theorem 5 with the natural map U(L?(D)) —
U(L?*(D))/CM is a projective Weil representation, whose existence (as a projective representation)
could also be derived abstractly from the finite Stone von Neumann Theorem on L?(D). The latter
yields a projective representation w : Sp(D) — L?*(D)/C™) where Sp(D) is the symplectic group of D
defined as the group automorphisms of D x D preserving an alternating C")-valued form. There is a
natural map SLy(Z) — Sp(D) and the composition with w agrees with the composition of p with the
map into U(L?(D))/C™),

Let p = pr be as in Theorem 5. We can attempt to use the theorem to prove the modularity of all
shifted theta functions ©, 1 p simultaneously by proving that p|r(yy is trivial for some N. Let us give
an indication why a statement of this type should be true. Suppose that N > 1 is equal to the level of
L. In particular, N'/2L* is an even lattice and so N{(z,y) = (N'/2z, N*/2y) € Z for all z,y € L* and
N{z,z) = (NV2z,N'/2z) € 2Z for all 2 € L*. It immediately follows that Q~ = pr(TV) = idp2(p)

and therefore that
1 /N _ 1 0
TN _ (0 ) ) : ST!Ng-1 — (—EN 1) € ker (pr),

for all ¢ € Z, using simply that the kernel is a normal subgroup for the other membership. If N = 2,
then we know that the above matrices together with —I generate the group I'(2), for example.

As a final, related remark, we mention that a result by Rademacher [3] gives a list of generators
for the congruence subgroups I'g(p) for primes p > 3 (and other subgroups), which is also useful for
establishing modularity of theta functions.

5. EVEN SELF-DUAL LATTICES

For completeness, we discuss here the (easier) case of the modularity of O, for even self-dual lattices
L C R”, which is not covered by Theorems 1, 2, 3.
Theorem 6. Let L C R" be an even self-dual lattice. Then 8|n and Or(z) = > ;. e2milvl*z
modular form of weight n/2 for the full modular group SLa(Z).

S @

Proof. The Poisson summation formula and L* = L imply that O (—1/2) = (2/i)"/?0(z) for all
z € H. Since L is even, we also have ©p(z + 1) = O(z) for all z € H. Thus, if 8|n, then, since
(2/i)"/? = 2"/% and since S and T generate SLy(Z), we have © 1, € M, /»(SL2(Z)). The more interesting
part is to show we necessarily have 8|n. Using TST ST Sz = z, we deduce, using the two transformation
rules under z — Sz, z — Tz, repeatedly, that
OL(2) = (TSTS2)/))"*(T'S2)/i)"* (/)" O (2).
Therefore, in an open subset of z € H, containing (0, +00), we have
(T'STSz)/i)"/*((TSz)/i)"*(z/i)"? = 1. (5.1)
By squaring this, we get
-1 n
-3n n n n n n -2n
= 2MNTS2)"(TSTS2)"=(z(14+(-1/2) ([1+ ——— =(z(-1/2))" = (-1)" =",
s rsTsey = (204 (1) (14 57 ) ) = G127 = ()

which implies that n = 4m for some m € N. It follows that n/2 = 2m and by inserting this back into

(5.1) we obtain
i = Z2(T'S2)*™(TSTS2)*™ = (-1)*" =1,

which implies m = 2/ is even and hence n = 4m = 8/, as desired. 0
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