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Exercise 1.

i) It is sufficient to prove that F € L (R?). Since E € C*(R?\ {0}), then it is enough to
check that

/ |E(x)|dr < oo.
By (0)

Indeed we can compute in polar coordinates

1 ! 1
— Log |z dx:/ r Log(r)|dr = =.
5 |, Jeslaliar = [ Log(r)lar = 5
i1) For every = # 0, we have
1 =z
VE(z) = —+—
@) = 5o
so, for every x # 0,
x 1 1 x 2 2
divVE(r) = — - V—+ ——dive = — - | — =0.
WVE@) = o ViE T eV = 5 ( |x|3) T o
Exercise 2. By dominated convergence theorem we have
/ E(z)A¢(z)dr = lim E(z)A¢(z)dz
R2 =0 Jr2\B_(0)

Using twice the divergence theorem, we get

/ EA¢:/ Ew-y—/ VE-Vé
R2\B.(0) (R2\B.(0)) R2\B.(0)
:/ Ew.y—/ VE~V¢H:/ OVE-v (1)
H(R?\B-(0)) 2\ B (0) H(R\B-(0))

:/ EV¢~V+/ ¢AE+/ ¢VE - v,
H(R\B-(0)) RB2\B. (0) (R\B-(0))

where v denotes the outer normal to the set R?\ B.(0). We now consider the three terms of the
last line separately. The second one is zero thanks to Point ii) of Exercise 1. We estimate the

first term: since |E(z)| = | Log(¢)| for every x € 9(R?*\ B.(0)), and the measure of 9(R?\ B.(0))

is 27me, then
/ EVo-v
A(R2\B:(0))

< 2me Log(e) Sup |V .



In particular

lim =0.
e—0

/ EV¢-v
O(R*\B:(0))

Now we consider the third term: for every z € 9(R?\ B.(0)) it holds VE(z) - v(z) = 5= and
|p(x) — ¢(0)] < eSup|Ve|, therefore

/ qﬁVE-u:/ ¢(O)VE-V+/ (= (0)VE v
O(R?\B:(0)) O(R?\B:(0)) O(R?\B:(0))

— (0 + /d(R\B(O (6— (0)VE v

Taking into account the estimates above and the fact that the measure of 9(R? \ B.(0)) is 27e,

we can estimate
/ (6= G(0)VE v
(R2\ B:(0))

and in particular we obtain

< Sup|V¢le

lim OV E -v = ¢(0).
70 Ja®2\B.(0))

In conclusion we have proved

/R2 E(z)A¢(z)dr = lim E(x)A¢(x)dx = ¢(0).

e—0 RZ\BE(O)
In order to prove that AE = §, we observe that

(AE,¢) = (OnE + 0k, ¢) = (OnE, ¢) + (0nE, ¢) = —(01E,010) — (2 F, 020))
= (E,010) + (E,00¢) = (E,Ag).

Since we proved (E, A¢) = [, E x)dz = ¢(0), this shows that (AE, ¢) = ¢(0) for every
¢ € D(R?), namely AFE = 4.

Exercise 3. Observe that the measurable function

(o) = { oot

0 otherwise

does not define a distribution on R, since it does not belong to L{ (R). On the other hand,

Log(xz) ifz >0,
g(z) = .
0 otherwise

belongs to L} .(R) so it defines a distribution T, through

(T, ¢) = / g,

The distribution Té satisfies the requirements of the exercise.



Exercise 4. Integrating by parts, we get

Tn(so)z/ gj /Oo@f /+ @d:ﬁ
-/ e, / O g gy Los@)l + /fw'(x)Log(x)dx.

T - T

n

We pass to the limit as n — oc:

o ([ 2 [ o (1)),

lim (= ¢(x) Log()|7", ) = Tim (=) Log(=,) — () Log(<))

n—oo n—oo

n—oo

= Jim (0)Log (2 ) + ((57) ~ 9(0)) Low(sr) ~ (o)) ~ 9(0)) Low=)
= — ¢(0) Loga,
where in the last equality we used
|(p(en) — ¢(0)) Log(ey)| < e | Log(e, )| Sup ¢ (z)] — 0

and similarly for €, . The last term can be estimated as follows:

/ " (@) Log(a)de

< ley — e, | Sup |¢'| (| Log(ey)| + | Log(ey, )|) — 0.

n

The conclusion is that 7,, converges to the distribution p.v. (1) — Log(a)d.

Exercise 5. Let ¢ € D(R). We compute

) = [ g @ds = [ apayan == [ )iz = pt0)

which shows that ¢” = ¢ in D'(R).



