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Exercise 1. Let A € R. We have
[A@llmx = max {[D*(Ap)| @ |a] <k, 2 € Q\ K}
— N max{[D°(2)] : |o] <k, o € Q\ Ky}
= [All¢llm.k -

Moreover, for every o1, ps € C°(Q)

1 + @2llmp = max {|D%(pr +a)| = |af <k, z € Q\ Ky}
< max {|D%(p1)| + [D%(p2)| © |af <k, z € Q\ K}
< lleallmn + llpallm -

Exercise 2. Equivalently, we show that

1 o
Do = D) 1 {w N = ellem = SUDper (— supaien, 1D wumwﬂ)) < 1}

€n

is a basis generating a topology on D(€2). We need to show that the sets D, ¢, cover the whole
space C2°(Q2) and that for every element in the intersection of two sets of the basis, there exists
an another set of the basis containing that element and such that it is itself contained in the
intersection.

By choosing ¢, =, m,, =0 for all n € N we get that

U {#e0@: lle—dlliee <1} = CZ(9Q).

peCE ()

Let now D, ., and Dy s 5 be two elements of the basis with a nonempty intersection (otherwise
it is trivial). Let v € Dy N Dz Since Vn € N || — Y|lem < € and ||@ — 7||em < 1, then
for every n € N there exist €,, €, > 0 such that

1 = Vllmnn = SUPjai<m,, 1D (0 = Nlze@rr0) < 20 —€(n)
16 = VA = SUPa <, [D¥(@ = V)o@ K0) < En — E(n),
for all n € N. We now choose M,, = max(m,,m,) and E, = min(e,,&,). If ©» € D, g then
e = Pllman < e = mnn + 17 = Yllmnn

<éen =€)+ |7 = Yllmn
< é&p



and analogously
||95 - ¢||mn,n < én
This shows that Dy gy C Dy em N Dy zm, where E = {E,},, and M = {M,},

Exercise 3. Suppose that 3K C (2 such that spt ¢, C K and ¢,, — ¢ uniformly, together with
all of its derivatives. Choose € and m arbitrarily and let D, ., be an element of the basis given
in the previous exercise. Since K, 1 €2, then there exists M € N such that (Q\ K,,) N K =0
for all m > M. We define

m = maxm,,
n<M

£ = mine,.
n<M

Since ¢, — ¢ uniformly (together with all of its derivatives), there exists N € N such that for
alln > N

ln — @l

This implies that Vn > N, ¢,, € D, ... Note that one should also check that for any other set
Dy, . containing ¢, then the sequence is definitively contained in D, . ,,. However, this is an
easy consequence of the fact that in exercise 4 we proved that those sets form a basis for the
topology. Indeed we proved the existence of a set Dy zm C Dy e N Dy m and from the previ-
ous computations we conclude that for some N > 0, the sequence ¢,, € D, zm, for every n > N.

cm) < E.

We first prove the existence of the compact set K such that spt ¢, C K, for all n € N. If by
contradiction there is no Kj; containing all the supports of ¢,,, then the set

Y= {] eN: E'TL] and n(]) : ||g0n] - QOH_],n(]) = sup‘algj ||Da(gp — gpnj)”Lm(Q\Kn(j)) > 0}
contains countably many integers. We can thus define

e;=1, ifjeN\X

_Nlen; = @llin)
€j = B s

if 7€ X,

Then we deduce that ¢, ¢ Dy, for all j € 3, where m; = j for all j € N, which means that
there are infinitely many elements of the sequence that are not contained in D, . ,,. This is of
course in contradiction with the assumption that the sequence was topologically converging to
¢. Fix a multi-index « such that |a| = j, a real number € > 0 and choose

Vn € N. By hypothesis there exists 7 = 7(¢) € N such that
€

% Vn > n,

[n = llem <

from which we conclude that

M—1
a a €
m=0
where the first inequality follows from the definition of || - ||c.m With g9 and my.
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Exercise 4. Suppose that € is a bounded domain. Thus 99 # (). Since T' does not have
compact support in €, there exists a sequence of points x; accumulating on 02 and a sequence
e > 0 such that B, (z;) C 2 and

(T, bx) >0, for some ¥y, € C(Be, (y))-
We define ¢, = k: . Since spt @y C spt ¢y C B, (zx), we have that ¢ — 0 in £(Q), but
(T, ) = k — oo.
In the case €2 unbounded the points x; could also diverge to infinity, but the proof still runs in

very same way.

Exercise 5. Let ¢ € D(R). We compute

<5_; [(H(t) — H(t—2)) (1 —t — 2)] 7%0> - /R (H(t) = H(t —2)) (* —t = 2)¢"(t) dt
— /Oo(t2 —t—2)¢"(t) dt — /Oo(t2 —t—2)¢"(t)dt
= 24/(0) — /oo(2t — 1)/ (t) dt + /oo(zf2 —t—2)¢'(t) dt

— 25/(0) — p(0) — 3p(2) + 2 / (H(t) — H(t — 2))p(t) dt.

from which we deduce that

5_7522 [(H(t) = H(t = 2)) (t* =t = 2)] = =20, — 0o — 3% + 2(H(t) — H(t - 2)).

We denote g(t) = 1_%(27”5) and consequently ¢'(t) = %tSin(Qm)t_HCOS(gm). Note that g(k) = 0

for any k € Z and let us compute ¢’. For every t # 0 it holds

2t sin(27t) — (1 — cos(27t))
t2 '

g'(t) =

1— cost 1

So for every k € Z\{0} we have ¢'(k) = 0 and, recalling lim,_,o = 3, we obtain ¢/(0) = 27°.
Therefore for all ¢ € D(R) we compute

< (1) 6. > S (G99 = = 3 (g (R)p(k) + g(k)¢ (k) = =g (0)p(0) = —27%(0).

kEZ kEZ kEZ

Thus g(t) >"1cq 0 = —2720.



