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Exercise 1. Let A\, Ay € R and ¢4, 9y € C.(R™). Then

do(Arp1 + A22) = (A1 + Aa2)(0)
= M11(0) + A22(0)
= Mo(p1) + A200(¢2),

which shows that & is linear. Moreover

100()] = l(0)] < [l el oo @, (1)

which implies the continuity over C.(R").

By using (1) and the fact that C.(R") € L>*(R"™), by the Hahn-Banach theorem we can extend
dp to a functional in (L>°(R™))".

Suppose now that there exists f € L'(R™) such that
(00, 9) Lo (Rn)/ 4> Lo°(Rn) = fgdx, Yge L*(R").
Rn
For every g € C.(R™\ {0}) then

fgdx = (0o, g) Lo (rny s L (rn) = do(g) = g(0) =0,
RTL

and by using exercise 2 from the exercise sheet 2 we deduce that f = 0 for almost every x € R",
which in turn implies that f = 0 for almost every = € R™. Choose now g € C.(R™) such that
g(0) # 0. We have

fgdx = (60, g) L@y oL @) = do(g) = g(0) # 0,

Rn

which is a contradiction.

Exercise 2. Let A\, \s € R and ¢4, 9y € C.(R). Then

0p(A1p1 4+ Aagp2) = —(A1p1 + Aag2)'(0)
= —A101(0) — A2y (0)
= M0y (1) 4 A20h(02),

which shows that ¢, is linear. Moreover
(30, @) p@yop®)| = 1¢'(0)] < llellerm

1



which implies that ¢, is continuous on D(R).

Moreover, if there exists a measure p such that

(00 ©) DRy >D(R) Z/@d%
R

then by choosing ¢ € D(R\ {0})

/ e dp = (5, P)pmywnr = —¢'(0) =0,
R

which would imply that u(A) = 0 for every A C (R \ {0}). Thus p is concentrated on {0},
which means

PO{OD) = [ pdu=—¢(0) ®)
R
By choosing ¢ € D(R) such that ¢ = 1 on B;(0), we see that the relation (2) implies u({0}) = 0.
Thus u(A) = 0 for every A C R, from which we conclude that such a measure can not exists,
since in general ¢'(0) # 0.
Exercise 3. Let o be any multi-index and let ¢ € D(R™). Since T, — T we have
(DTy, ) = (=1)°UTy, D) — (—1)*(T, D) = (DT, p).

Thus D*T}, — D*T.

Exercise 4. Let ¢ € D(R). We have that

Sk(p) =k (Ti(p) — Tar(p)) = ——F—
k
_ %) ; p(0) %w(@)%; p(0) (0) w’éO) _ _56(290)7

which shows that S, — %.

Exercise 5. Let ¢ € D(R). We compute
5ge' (@) = dg(e'p) = do((e'p)") = do(e' (¢ + 2¢" + ¢")) = (0) + 2'(0) + ¢"(0),

from which we deduce de’ = 6y — 20; + 4.

We now compute f; ,. For any ¢ € D(R) we have that

(foprp) = =(farr ) = —lim [ fop(z)¢(2)dx

e—0 |.Z">6

~ _lim { / " Log(az)g (x) do + /  Log(—ba)y!(x) dx |

e—0 o



Integrating by parts we get

o o 1

/ Log(ax)y¢'(z) dv = — Log(a€)p / E
—€ € 1
/ Log(—bz)¢'(z) dz = Log(be)p / E

from which we deduce

(fap: ©) = lim [Log(a€)p(e) — Log(be)p(—€)] + lim | —p(z) dx.

e—0

Moreover

Log(ae)p(e) — Log(be)p(—€) = Log(a)p(e) — Log(b)p(—¢) + Log(e) (¢ (€) — p(—¢))
— (Log(a) — Log(8)) #(0) = Log (5 ) ¢ (0).

On the other hand the term lim,_, f
called principal value defined as

(p.v. <l) ©)prep = lim lgo(x) dr = /Ooo Mdm.

x e—0 |z|>e xr x

fop=Tog () 60+ po (%)

L po(z) dx corresponds to a distribution in D’(R) usually

|z|>e ¥

Thus we conclude that



