
prof: we love seen that [cyo) is a common unitforoads
We heed to check tee interchange law : for any

a
,
b

, C ,
D : X- Y consider

✗± > ✗ vx ☒ ✗×#✗× ) Xxiv YVY

à-
" "" b ✗d '

③ pptu ① ②
*

y✗ ✗ ✗ y-xftXXXVXla-pHVYKHVYP-Fyxyp.co
,
x ) Nao )

x ) Ëy(yo , blx) ), (go.dk#blxl,dlxD
\

① : ☐ (µ (x) ) = ( plat , ylx ) ) = (y xp ) / x , x ) = ✗µ ) .Olx)

③ commis shirley
② We look at a map from a wedge XVX . For the

second copy : ✓ ☐

It commute ou Kehoe !

Gnllay3.3_
[ SX

,
RY]

*
is an abelian

group
.

If : SX is aol.nl- group, RY anti- group . ☐



ss4.Relah-vefomotopggropswe.luoh i Top * . Just like H
* ,

there is a relative version for
I*

.
We wok with pairs (X ,A ) where a☐

= xo E A CX .

0W main goal is to establish a long exactsequence in hmotopy
for pairs . We will we the pair (Dn ,

5- ' ) as model for
the sources sonatines its convaint to we LIN ,

JI
" ) , which

is hmeomorphic .

Def Den-¥I set/ group of ( X ,A)
is In (X , A) = [☒ ,

5 ' ) , ( X,A)) * for n>1 .

Homotopie of pair are pointed and and 5-
' to A through

the whee homotopy .

lemna4.2.lvton riz 2 ,
the pink map onD

"

identifying De equatorial
disk to a point , gives THX ,A) a group structure



Remak-4.rs We bave un (X
,
{ ou } ) = on✗ .

This

come from we fact that a hop (Dn , 5-1)→ (X,x)
seuls 5- ' to so

, so
it corresponds ta map D

"

/gni = → ✗

Homotopie of pair in this setting correspond to homotopie
relative to lle base point of Dnlgn- t ✗ S

"

, they are pointed .

Propositionnel
For nzt

,
Thc -

,
_
) is a fundus ou pointed pairs of

spores
.
/ ofseb fr-1 , of groups if nZ2 )

.pro#Iff:lX/A) - H
,
B ) is a map in Top x ,

then it in duces a morphisme f-* : tn (X
,
A)- onLY

,
B)

[ x) 1- [ fox ]
☒

,
5- ' ) = (X

,
A) 1- H

,B) .
☐

Def.LI The tyler 2 : In (X
,
A)→ In- IA

seuls tlehomolpy class of x ND? 5-
' )- (×,A)

to [✗ Isn- i :S
"

- A] .



Remark-4.co If n = 1 , D' = [- L ;D > 5=4-+1} .

Here

I Ex] = path connected corporatif a C- 1) üA
J : telX

,
Al - To A

The boundary operate is wel defined since a tomotopy of
pairs chiots to a bomotpy of maps 5-

'

- A
.

wtcnn72

2 is a group homomorphisme because hee npviih map on Dn
restrict to the pink hop on 5^-1--7 Dn .

temma4.TL Compassion Lemna)
A map a :(Dn ,

5- ' ) - (X
,
A) represents De rabat

element in in (X,A) , for n72 , if it is homotopie
to a hop ,

relative to S"
,
patards D

"

1- A-

proufi-T-fa-jn.bg :D
"

→ A C X . Then [a] = [ b)

Now we can contract Dn onto its base point and obtenir
b - Cao as trop> of pairs (D

"

,
5-

' ) - ( X
,
A)



Conversdy assume Kat = [ coco]
,
ie the exists a tomdpy

H :D
"

✗I - X st.tt/gn-i,I:5'xI-AcX
^

?⃝
H /Dnxo = a & H /Dnx ,= Cow

t -

5kt

☐ ¥Ë# Define De = DIEU 5-
'

✗ [ o
,
Et xD

"

JDE = Sn
- '

✗ 0 = Ê '

On Do
,
H /☐☐

= a
,
on D1 , HID

,

is a mepb:D
"

_ ✗

whose virage is visite A .
Tte humotopy gens a cloturé

hmipy fnmf 1- b = H /
☐
±

.
☐

on Dnx 1 it! content
-5

- '

✗ Eu , D its inside A by definition of relative
hmotopy



Tteorem-4-8CI-xl.es . )
Leet i : Ac X be kein chien of a I pointed) subspace .

Write

j : l X , x ) C ( X, A ) for the inclusion of pairs .
Then

we have a l.es

-
. → en A on✗ nn (X

,
A) Inn - , A→ -

-
-

-
- -

- #2X À it
,
LX
,
A) a- x-p A xp✗À nn (YA)- itoA

t←÷ ¥ *
☐
✗

prof ①E-uetnena-t-X.Firstrenenbokatnnx-anlX.su )
so j *

makes some
.
.Then j ☒o i ☒ = (joi )* tee wop induced

by LA ,
xo ) C ( X

,
A)

.
From Ke Compression Lemna ,

Kevinage of ( jot * consiste of maps of pain whose vinage lies

i A
,
tenu its trivial .

Next if j * [ b) = O where b :S
"

_✗ or raker

b : (Dn , S
"' ) - (✗ , ou ) . By the Compression Lemma

job gn
- ,
c whose virage is in A

.
Then c défies a

map ☒
^

, 5-
') - ( Arno ) and ix. [c) =

[ b) .



2OExactnessat-XA.cn ivan b : (Dn
,
5- ' ) - (X

,
x )

2 j' * [ b) is representa by job / g- ,

:S
"- '
→ {aol.CA in

m- i A . Itis constant
, thus o -

Next , consider f :(DIS
" ' ) - ( X /A) st § / g- ,]- c-amiA

we have a hmotopy F : 5-
'

✗ I - A from f to Cao .

Define g
:D
"

= Dnx 1- U S
"- '

✗ I ×

|
f

F-

Suive F is entirdg visite As fé g as pairs
☒^

,
5-

'

) - (X
,A) .

Sire
g / zpgn = Flgn-1×0 = Cao

So
g define a class in In ( X

,
Ko ) = on✗ .Thus

j* [g) = [ f]

3OExactnessatrn-A-letf.MS
"')- LX , A) *Then

i
* 7 [f) - L' * [ f- / gn- i] = [ ioflsn- it .

This map is null -

homotopie through the lvmotpy provided by f.



Finally if a:S
" '

_ A st . ix. [a)→ ,
i.e.io a is

null homotopie as a mp
5-

'

- X . A mtlhomotopy
can be Seen as a mopf :D

"
- X sit - f / g- ,

= a :S
""

- A

(f) c- on LX
, A) st . JEf) = Ca] - ☐

Exemptes CCX
,
× )

.

Because CX _~ ☒
, In

CX = °

nzo . Therefore nn ( CX , X ) ± on_ ,
✗

✗ •Â¥ for n>1 .

⇐ Ti
,
CX
- Tz ( (X, X ) ?_ pox - ☒ = a- CX

[f) 1- [ Ca]

IRCCYN ) = homotopy clones ofmeps61,5 )- ((XX)
-
-

• ×

homotopie sud 5 to X during Kehomtopz De
virages of end points • × cannot large Corporate ,
so ? is an iso .

•

•
-4 •

⑨- ⑧



III. De cellules approximation Hatcher , Capter ¢

§1.Cw-unp6xs_poGhedra

If X is a CW - couplet
,
✗ n C X is tee in-skeleton

Defoy cet ×
,
Y be Cw-complexes . Amp f :X-Y is

cellular if f- (Xn) CYn for all n> o

If s
"

is a cw - ex with two cells
,E*mPksn )

☐
= .

.

= In- ,
= *

,
s' = In

-

Amap f : s
"

- Sm for m > n is cellules if it 's
constant

sina.sn/n--x-Def1.3-.Apol.yhe-dwnKinIR" is a subspace which
is a fuite Unionof Convex compact pdyhedra ,
ie defined by a fuite ruber of affine inéquations

Eaixi - b

f¥Ê#


