
I.tlomotopy-cvoups-Arin.io
introduce highohomotopy groups for pointedSpaces

• TCNCX ) abelian
,
n> 2

• Go) - H - Spaces
• long exact sequence in It for pairs .

ss1.ttigherhomotopygrocps-lxxo.is a pointed Space

we have already met • to ✗ = [ 5
,
×]
*

where 50=4+-1 }
De# path - connected Components .

base point +1 .

•

ne✗ = [ S1
,
X]
* tkfndawentalqoup

In 1932
,
Cech (1893-1960) introduce THX : 1935

,
Hurewicz)

Def.tl Leet X be a pointed Space , then-khomotop-ygnpof-X.is#nX= [ 5
,
×]
*

The group
structure come from the pink map 51=5 v5--%n,

equator -



n F- D: Xv X -X is be

fold wop ( 1,1)

lemnal.pepinch map indues a group structure on InX by

f- * g : 51=5v5 fr-9 ✗ ✓✗ Es ✗

proofi De Constant hop Cao is be ventral element ,
* is associative because S

" P_ shvs" is

PI G I put
shvsn_ snvsnvsn

Avp
commutative up

to homotopy.
The inverse of a class [ f7 is given by
je ssn

- t
- ×

.

☐[ ¥ , §?
1- f- (1-t , s )



Propositiml.rs/tnXisabelianfo-n72proof:-We Construct a homotopy between frog and graf .

we do it orly for n - Z with a dnauing . Since

S2 = IXI.ly +I )
where tee base point of S2 is ZCIXIT

I will draw ☒, for
ke map f :S

?
- X and

f- g is |Jf_
where all of☒ is set to no C-X

.

We start by shrinkûg horizontales f- adg :

" " m.EE#E-FIÏËÊË
.

-FIÉE,÷☒l'# g

oct < Ç t=Ç 13<1-2 } c-= } t - 1

① Hernie f- *gag *f ad [frog] = [gaf] . ☐



Etampl-s.lt ① Ins
"

= Z a 1 = [ idgn] .

② In St = o for n> 1 ( exercise)

③ Is 52=-2 ⇒ 1 = [ y] , y
:S3- S2

thpfmqo
ssZH-spacesandw-H-spaus-lscle.lk , Section7. 2)

Topologie , série7 : Eckmann - Hilton argument
(1917-2008) (1923-2010)

Def2.1-ANH-sp-aeorthopf-s-pua.is a pointed Space
✗ togeHer with a map in : XXX - X sit .

X its XXX À X comments up to

XX 1¥ Ë× pointed homotopie

What this says is that
"

mlx , xo ) - x
"

up 1- homotopie
"

mlxo
,
x) = x "
-

.



Df.LI Au H - Space is homotopiquement if
✗ ✗ ✗✗✗ ✗ ✗ ✗

commets ipto
1×4 Lm homotopy
✗ ✗ ✗ → ✗ la / g) → ly.sc )

It 's homotopyumn-ntah.ve if ✗ ✗ X - XXX

comments
up
to homotopie. ✗$ fin

A homotopy associative H-Space is anH-gwnp.iqthere is a map 2 :X- X sit .
✗ → ✗ ✗ ✗ → ✗ ✗✗ → ×

is homotopie to Re constant hop Cao .

T-xamples-2.rs ① Any topologie group sub as 1,53
,
5013)

are H - groups
.

② The unit Sphere St in the octonions ① is an H -space ,
not hmotopy associative .



③ RX is an H - group for any pointed Space X .

m is concentration of hoops ,
base point is coco and

play Re role of neutral element , ~ is revasùny the
paranehitahm 2 ( w) =J and w *à = coco . Its

not h . commutative in general . If RX is h . comm
,

then to RX becomes a commutative group
112

ta ✗ ,
but it is not so in general

mepjut-ofyawedgex-xx-IH.li- ✗⇒ id

à t.EE tu



Propositionnel
If X is an H - group , [W , X] * is a group for any pointed
Space W ,

where the productoff : W - X , g : W - X is

qprexhdbyfogiw-wxwfttxxxm-xpv.fiWe have a product as defined aboie . De constant

map Cao gins Renewal element [ Cow] because

w°_ wxw #" ✗ ✗ ✗= ✗

Pat U if
commentes up

"

W f- ×
1- homtopy

Itb associative suite ✗ is h . associative

Evey clan [f7 tes animaux repeated by
w f- ✗ → ×

.
☐

ET6 When W - so
,
toX is a group

.



1¥27 A pointed space is a cattspaa ✗ togetkr
with a wmnetiplicah.cn y

: X - Xv ✗ st .

⇐ ¥ ¥ commets upthmtopy.
✗ ✗ ✓✗ ✗

One can copy
and dualité De notion0f A. associative

h .

. commutative

and the motion of co - H- groupe

Propositions
If X is a u - H- group , [ X ,

Z)
* for any pointed SpaceZ

intentes a grows
structure

, randy [ f) * [g) is representa

by f- * g :X
-1°

, ✗✓ ✗À zvz D- Z

mep ☒ ( A ,
B ) is am H-

group =) Ho mep *CA , B) = [ Ai B) *
e- [ 5°

, mep# ( Ai B)] is a group



Etampes For any pointed Space X, SX is a co-H-
group

De cometiplicatiwsx-s.mx Fik v5 )n✗
by adj

- 22Ï*C (Shyu ✗ 7-SXVSX
The inverse 2 : SX = a✗

✗ s' nx = SX

since St is a co-H - group , s'rX is so aswell In

particular S
"

is a co - H - groups

ss3Det-ckmamn-ttietontoickwestudy-xith-forX.isa co-H - group , Yanttpap .

¥TÊ be HeusdenGig set of two groups ( Go ) and
( G

,
* ) sharing the same ventral element 1. Assume

la * b) o ( c * d) = Lao c) * ( bod) for alla , b, C ,DEG
Then ° = * and are abelian .



pro.fi aod = la * 1) ☐ ( 1 * d) = Cao 1) * ( lo d) = a*d

aod = ( 1 * a) • ( d * 1) = 110 d) A la o 1) = dira

☐

TWFEF.rs?-aw-H-group,adYisanH -
group , Reset

[× ,4) * inherib two group
structures o and * which

coincide and are

abelian.pro#We love seen that [Cy] is a common unitforoads .

We heed to check the interchange law : for any
a

,
b

, C ,
D : X- Y consider

✗# ✗ vx ☒xxxxxx)ËË×Yv YVY

tu ① 0¥ ② ¥"③ L "
y✗ ✗ ✗y-xfHvXIxlXvXta_pHvYlxHvYPEhxYTnJ@ocJoCb.d)

' * d)

↳ @ * b) de *d)



prof: we love seen that [cyo) is a common unitforoads
We heed to check tee interchange law : for any

a
,
b

, C ,
D : X- Y consider

✗± > ✗ vx ☒ ✗✗☒✗× ) Xxiv YVY

à-
" "" b ✗d '

③ pptu ① ②
*

y✗ ✗ ✗ y-xftXXXVXla-pHVYKHVYP-Fyxyp.co
,
x ) %? )

x ) Ëy(yo , blx) ), ( go ,dix bloc)
,
dix))

① : ☐ (µ (x) ) = ( plat , ylx ) ) = (y xp ) / x , x ) = ✗µ ) .Olx)

③ commis shirley
② We look at a map from a wedge XVX . For the

second copy : ✓ ☐

It commute ou Kehoe !


