
Remark2.se/OIhfactHu:In-ciX-Hn-uCX;Z ) is surjective
② When n- 1

,
✗ path - connected , Hu:#ex- HMX ; Z ) is

abelianitah.cn
,
Ker Hu = [ MaX, IeX] .

③ There is a relative version for ln -1 ) - Connected pairs of
1- connected spaces ( YA ) . Hee Hu : In (X ;A)⇒ HNIX,AP )

④ For n>-2
,
one can Construct Rorespa_ M ( Ain)

with a single non -trivial reduced lnmology groupe ,
randy Hn ( MCA

,

n) ; Z ) = A .
This can be roalrled

as an ¢-1 ) - Connected cw - ex of dimension n(+1) .
The n-cells correspond to generator of A ,
Hell- relations in A .

Then we can Construct KCA
,
n) = MCA

, n) [n) : indeed

this is and- I ) - connected espace, Mr
KCA

, n) ⇐ unMCA ,
n )

¥ HNLMCA
,
n) ; Z ) = A . Ey: McAlpin) = Shuen

"

T



§3Etlenbog-MaLaxspausandwhmobgy_
0W objective ist compare inTop * , [ _ , KLAMM and

TTY
- y A) .

To coyote the later f-alor , fake first
your favorite chair cortex for ✗ ( Singular , cellules ) ,

soy
C- Élec X ) so that Enak (X ) = ④ Z

,
n.> o .
Next

n-cells

construct a ↳ clair cortex by talang Home
"
(X) ; A) =

= Étau ( X ; A) . Ttcn ÛNCX ; A) is ke n- K cohomologie
Tedmed

group of that outai complex .

TÈEÇÛÎAÎ)) is a contravariant
, hmotopy invariant ,

f-wcbor from Top * to Ab which sands ↳fiber
sequences ✗ - Y-Y/× to exact sequences .

Moreau ne lave naturalises [✗ j KLA , n
D= [EX; MAMAD



prof [ × , KCA ,
n)) is an abelian group

because

KCA
, n) = SE KCA ,

ne 2) . The natural isomorphismes

come from ☒ ,
KCA

,
n-il )) I [ ✗

,
SLKLA

,
net ))

adj
I -r ± [ ×

,
KCA

,
n )] ☐

Togetler with be next lemna , this theorem says that
lle sequence [ - , KCA , ,

nzo
, satisfy the Eilenberg -

steenrod avions for a cohomologie Theory .

Tedmed

•ÎYÙÊD satisfis De wedgeaxiom ,
ie

.

[ VXI , KCA , n)] ± I [ ✗ i , KCA ,
n))

iEI iEI

Ef . [ VX i , Kl Ain )) = to mop☒ (V ✗ i , KlAin)) =

E to# map* ( Xi
,
KCA

,
n ) ) ) = Ito =I[Xi , KIA ,

n))
V : coproduit
in Top *

ici
☐

.



heETY.in#a.nD=- { A ifk - no if ken
} = INSTA)

prof: The first is is by definition of KLA , n) .
The

Secord are is by amputation :

EF Sk ) :
o - Z -so - - -

-
o

k o

C-Eu LSÇA) o ← Honte ,A) ← o -
_

.

"

À ☐

lemma-3.lt
HNCKCA

,
n) ; A) = Horn LA ; A)

nez
n" '

j
n o

prof .
c-EMMA

,
n)) : -

- - →REE - GEE - o
- - -- o

-

ad Coker = A
. n

Apply then - IA ) Hunted; AIÈHOMGZ ;A) ← o

grr

H
"

( KLAN) ; A) = Ker# = Harcelait
,
A) = Hentai

left- exact



Def3.IT :[ × , KCA , n)) - H
"

( × ; A)

f 1- f-
* ( ida ) .

f- indues f-
*

: HYKCA
,
n); A)→ HYX ; A)

112

tient A / A) aida1- Ttf)

Propositionnel
T is am isomorphisme on all finite dimensional CW -cxs

prof . First T is an in on all Spheres .

T : [ §; KCA ,
n)) - H? ski

,
A)

Any closer generator in A corresponds to a homomorphisme

Z I A and can be realited as y
:S
"

_ V5 CKCA ,
n)

grr
T( y) = y

* ( ida ) = g c- Honte
,
A) = HYE, A)

The wedge asim allows to extend this is to wedgies of spheres .



To cornhole we use be long exact sequences ( cofibv sequences/
Puppet associated to V5- ✗

n
- ✗

m' V5"
I I

a- [ V5
"

; KCA , n
)) - [ X

" '

,
KCA

,
ND - [ XYUIA,

ND - [V5
, MAND

e- IT = LT induit#T = 1F
0=1-1

"

( V5" ; A) - HMX" '
; A) - HMXYA)- HYVSYA)

we cornhole by ke 5- Lemma ( hee ☒ : n - skeleton)
.

☐

§4.Dawedfctorsofinvæluüt_
cet 4N

,
E) belle category associated to tee port :

o - l- Z- 3 - -
- -

The skeletal filtration gives a fusor ✗
•

: IN -Top *

het now A. : NP - Ab be a two of abeliar
groups :

A- A , A
z
¥ A

]
← - -

Def The bint of A. is the subgroup of IAN
nzo

of (ar) n» slt fn ( an ) = an _ , for all n2 / .



Remontrez Elements in loin A. are compatible sequences
in Retourer . Therefore a homomorphisme

B B- lui A. corresponds to a commutative diagram
of homomorphismes À Ahn

id L LfnSo bin is n¥É B An - i

to c : Ab - Tower L
:

L

B 1- BÉBÉBÉ .
.

Def.LI De shftmap-shi.IT An - IAN
E)

n»
- (frelon) )

», ,

Surice fu is a group homomorphisme ,
so is Sh

.

lemma4.4-kerlid-shl-limA.pro#:Thekonelcomsiobof sequences Can) st . an - , = flan)
for all n> 0 . ☐



Defi lin
' A

.
= Coker ( id- str)

Proposition4.ltO- A
.
-B

.
- C . - o be a short sequence

oftowers ( ie o- Arr - Bn - Cn- o is exact for all n) .

Then there is a six term exeat sequence
o- lui A.- lui B. - linc . - loin?A . - lits

.
-link

.
- o

pv.IO- lina . - linB. - lui C.

o→ÊAn
-
# Ân- Één → o

id- IshidL-sh@idL-sho-TAn-TBn-lTCn-0t.tErA
.

-
entr

. -

Éric
.
- °

Conclue by tee Snake Lemna . ☐



ÈmÛ?t tower sit . 3- k with fn : An - An- , sujeehie
for all n>k ,

Ken lui 1A . = 0

proofi We prove Kat Coker ( id -sh)- ⇒ id- str is surjective .

let (an) n» € IAN .

We are booking for Cbn)n*
ma

St ibn - fu ,
Lbm ,

) = an # n
.

Since fa ,
is surjective ,choosebnk-us.h-f@uCbnk-iil-akTtencloosebea-os.o④ is Satisfied and go

down wards : ba _ , = a# , so ☒④ is Satisfied , Ken

bk
- z
= ak -z + fp _ , ( ba - i ) ,

etc
.

- - ⑦
o .

Finally more up : Since fr+2 is surjective , tee equation
Ïn④ bk+ ,

- fr+2 ( baie ) = a pu ,
tas a solution

ad conclue by induction .
☐

MIKIE : For each k
,
7 j' 7k str

.

Ihn ( Ai - Aa ) = In (Aj - Age) for all izj .

Peu lui 1 A . = ° .



sswsejfnohfff.IT?-afEFn?F-=-Hncx ; A) trad
Cw-complexes X . We need 1- copule ke value of such
fumiers on U X

"

,
where X

"
is Ken- skeleton. This

nyo

is more good and let ↳ assume that ✗ = U✗ n ,
where ✗

n c ✗ni ,
is a cof-brah.cn

PIÇÎ!"¥
,
f-2 ✗ a- - - be a diagram IN-Top*

for arbitramy maps fn . The homotopy Colvinit of X .
can be completed as De strict cohnîit of a bomotopy
equivalent diagram where we turned evey for into a
wo fibration

no prof.

Remark5.IR standard model for be ho Colin is De
télescope . Charge fa into Xo ↳ Cykfa)
Re fa into Cylcfs ) c> Golfe) ylcfe) , _ _ .



Èa ED
"

- ËE - ÉEDI) - - - -

Cylcfe )

¥2 ¥3
We write Tel (X

. ) for this construction
.

By bumotopy invariance of fomtopy colimib , we have
feat the télescope of a diagram where all fris are
already ofbutins coincé des with UXN .

✗
•

À ×
, X2- Xs - - - UX

n

idL th T2 P2
✗ o ↳Glcfrlc>adf.lu#yllfz)---- TelLX

.)


