
Remark7.LI We have learned that a fibration yield a les in
it* ,

we have also sentait the rroppûg f-ber
construction gives us such a dual Puppen sequence .

These

are be same when starting with a fibration . Consider

E Is ) B ← bo PÉTA Fb
. =p
"
( bo ) fiber

id
E L2 id# § Cb.
E Is ) BÉmap *CI ,B)

ÈÉkÈ(
p) mapping fiber

homotopie fiber
By homotopy invariance of lomotopy pull back Fb. =/ Flp ) is
a lomo↳ pg eq .

So we get the same les 's !



ckpterI.Thetturewicr-Theorem-tlerewe.se
tndy De relation ship between I* ad HH - ; Z )

§1.Homotopidb←pwd
We will work with Cw-complexes and ( week) homotpyeguvdenus
because In ( _ ) are weak homotopie invariant , and Hnt , 2)
Aswell .

Propositionnel ( Whitehead)
A week bomotopy Equivalence f :X-Y iodures amino
on Hn (X

,
Z ) f¥ th( Y ; E) , for all noo .

[ Hatcher 's
, Chaptes 2) . We know bah Hn (- ; E) is a

homotopy invariant fuir .
So we will sturdy f

'
: ✗↳Y

'

where Y
'
= Y

, soy Y
'
= Gkf) .

To prove Hnk; 2) ±

th (YYZ ) ( ne pue Hd Y ! × ,7) = o for all n ad
unable from be les in H * of a pair .



Cet ✗ be a homology class reported by a relative cycle
a = I ki oi

,
si :D? - Y ' ,

str I a is a

chain in ✗ .

Construct a simplicial comdex K from all Ji by idetifyùg
pairs offres on which tee correspondiez si 's coincide .

Desi 's indue a rep s : K- Y
'

.

Consider the

swbcoplex LCK consiste g of be faces appeenigirda .

So we can see G : ( K
,
L )
- ( Y

'
,
✗ )

.

Moscow the is a cyclebin CEG (K ,
L ) whose image mdr

•
*
is at by takûg DE %? - K ) .

We assume f is a u - e.
,
si f

'
is so

,
ie In ( Y

'

,
✗ / = o

for all in .

Since this made from L by attacking in- die

cells
, we can use

the copremiers lemme ad find a map
e. = 6 s.t. I factors through (X ,X ) .
Finally we see x = g- [ b] = <* [b) = o .

as it

factors through th (X ,X; 7)⇒ .
☐



LTF12-beacw-coplexadxntkisitscn-kl-skeletorykzl.hn
i : ✗m'

k
c ✗ indues an iso

• En Xntk E on✗

• Hnlxntk ; Z ) E th LX ; E )

. •De pair (✗j'✗
"k ) is (nah) - connected

,
we getPool

is, pi ✗
neh
- x

i
x for i E n +le -1 .

• We woe cellule homology and see that in degres Enel
Cafe ( X

"' ) ad CF x ) agree . ☐

Exumplel.3-letnz2.AT a CW - urplexKF+5 bas 4

cells exe °
,
en✗ é

,
é ✗ en

,
en ✗en = e

"
. So ✗

°

= ☒
,

☒ = Snvsn
,
✗
"
= 5×5=11

.

In particular In (Snvsn ) = nn ( SIT ) ± Zx Z
In fact generator of this free abelin group are given
by wedge inclusions ja , ja : S

"

ci Snvsn
,
because

thy are so when couponing allbe way to Smash .



more generally In ( YSL ) ± § % ,
because

tee product is comhxted from Kennedy by attacking cells of
dein 72in .

Remembrer that any my from a ( compact)

Sphere into a product factors through a finite produire .

Renarkl.lt cet ✗ be an ln - r) - Connected Space forme2.

Cat least path - Connected & 1- Connected ) .

Den Cw - approximation ✗
'

_ ✗ allows in to replace ✗

by a CW - coptes with (X ' )
°

= ☒ and (X ')
" - 1-
= ☒

,

* t' = VS
"

ie,

i
,
where I is a set of generator of on✗

☒ 'T
"

is obtained from V5? by attacking Rell - cells :

ici
Theis a mp f- : Vsnj - vs? ad ☒ T

"

is

jez iEI

lle p -Shout of VDM '

jez j
← ✓SI f- vsni .

j' C-d ici



The result we have seen here tellus that if we are interested
in THX cel HMX ; ZY we night aswell replace ✗ by

(✗ 1)
"+h

.

ss2.Ttettwewiu-ahomomorphismwebavehhcs.hr
,
2) = Z

.

Fix a generator use Hds
'
; E)

by un = dans of the cycle 01- S1
, degree 1 map ,

antidouleurs:c ,

€ .

.
Excision inducas isomorphismes

Hds? 2) Es Hzcs? Z ) E Hsls?2)- - - His
"

;D
Un 1- U2 1- 43 ✓ - - un

DEFI let ✗ be a path -connected Space TheHurewicz
homomorp-hr.in Hui - Hu : on✗- HMX; Z )

✗ 1- Hdd )

whee Hult ) = a* (nn) if x is repeated by lle
map a :S

"

_
X

,
ad a*

= Hda ; Z ) .



This is wel defined since homotopie meps indue Besame hop in

homologies Its a homomorphisme : if a, b :S
"

- ✗
,
tee

✗xp = [a) éb] is reported by Sh Ef SWS"# ✗✓✗ D- ✗

apply th that )-HIHI)- th#Pth
112 Ill Il"z 0-2+02"¥ÆhX④HnÆthX

Un 1- (un
,
un)- (Hut)

,Hulp))
PIPÉE PE

The Hurault homomorphismes naturali✗ HUKHHNIP)

prof letf :X-Y . Consider aux # HNCX; 2) .

f-* L Lf#
ont that

,
E)

This Square comments since for a :S
"

_ ✗ Ke following
by

" n '

→
Hula) ,

]Square does so :

Hisn ; E) - HNLXIZ)
foetoriality of
bomology

Il L # #*(Hnk) )
Hnls

"

/2) Et Hu Hi Z)
un 1- Hulfxcx) )

"

☐



lemma-2.3le.hn71 .
The Hurewicz homomorphisme

Hu : Msn - th (Snpc ) is an iso

prof Lotus briefly recall hov ans
"
⇐Z

.

This is based

on ke technicals PL lemna
.

. any map Sh-
Shar

be deformed up
to homotopz into cnef,which is PL on a

polyhedren . If f restricted to some simplex is not a bijection,
then f- mises a point in lle target , so factors through Sh- *
which is contractile

. Then f- = ☒ ,
so Hu[f) = 0 .

If not , restriction1- each simplex is given by an n'vuhble
matrix and we proved like Hopf in be 19305

.
Chose a

point y ville target and a small neighbourhood Va# ,
tee

previn ago Us , _ . , Ur are disjoint open balls in certain siphiwe
of re pognon f- ÷
Corpore with be

collapse my to

5%4✓ .
This factors through ÈS"_

>



Sof is homotopie to s
" yksn yksnI.sn

Any map is homotopie 1- a sum of mps of degree 1 or -1 .

If d is the sum of these Il , Ken f tas degree d. The
isomorphes'm ans

"
- Z

f- 1- d
what about the ? ans

"

- Hncsn ; 2) .
Since deglid) -1,

[idsn) 1- un this is an iso

☐

Theorem 24 ( HurewiczTheorem)
Ë be ln -e) - cumected Den

Hu : unX - th (X; Z ) is am iso .

.
We can assure that X is a CW - copte sitPE
☒ = vs

"

i ,
✗ =✗
" 1 ( Hux is a is - if

it 's sofor cwcx )-X ad there CWCX ) ^
" )

.

th

Exemple 1. 3 ne completed Æn (VS? ) ± ⑦ Zi with
i i

generator S' V5?
,
inclusion .in wedge Sunnah .

ici



tétins look at Hu [ ji) :

sni-ivsnn.HN?Zl-thlVS?Z)=- ④Ei
i i

un 1- (ji) ☒ (nn) =eii-loi.io/Yo--)Hnxndsgenenatorstogeneators.IHanisu.

In general we deal with ✗ = Eof ( Vsn f- VS? )
j I i

we have a commutative diagram ,
i :X

"

c✗

inly.SE#nvFYI'-i--*-x-w
*± a

⇐ LtkHncvsjf-f-thcvsn.is/i-*IrhFxIt-o exact
il

y 1- f
#
y ) - x# 0

cnn.MX ) 2- CMX)- cokes
"

À Z ④ E
j i

We comble by a diagram clase for w c-Anx , st . Hulw)» .

Notre int epi by Cellular approximation . So w = i
* f- (✗7- 0 .

Since in is e pi , so is Hux .

☐


