
%7eT-duiabe.LY#Tatwe'vedoneforwftsrationsviaHEP and
introduce "

nie surjection
" Hat Satisfy a

hmotopyli-ftm-gpnper-tyCHLPIDef-7.tlA trop p : E- B bas tee HLP for a space X

if for any rep f. X- E#talspaa , and
any fomotopy H : ✗✗I - B

, tfebasespaa ,
there exists a lift in be commutative diagram

✗ -7, E

i f F- '
'

"

Lp
✗Et B

we suppose pof = Hoi - and F vérifies po F = H ad Foi. -7 .

Def-7.LA map p is a ( Hurewicz) fibration if it has the
HLP for all sp aus X .

Note : A Senefbraha has lle HLP for all cubes In ,
Fr70 .



Remark-7.rs tlomolpy Equivalences, cof-brah.ws , and fibration
equip Top with a

"

Quillen model structure
"

,

( Quillen : 1967 ; Strom : 1968 )
.

There's anow model

structure with weak équivalences, retraits of relative all complexes ,
Sene fibration .

Just like for of-brah.ms , thee is a minusal lifting problem ,
randy using a pathspae P ( p )
map ( ITE )→

↳
→Pcp )- E elements of Plp ) are pairs

t'
* 1J LP ( e

, p ) c-Ex repli , B)
hop LI , B)À B st.pl o ) = ple )

The universal pnperty of be pull back gives is a map r .

Pnposihon7
Tre rep p is a fibration if r has asection

s :P( p)
-

map (I ,E ) st . ros = id



Efi Letur first translate tee HLP
✗ f-E adjuration

µËËÈ'

E'¥ ti
-

LP* L
H -

rep (IIB) z
B

If p is a fibration, Kennit must have ke HLP for Plp ) -X ,
Chase f : Plp )- E ,

H : Php) - map (I , B ) given by
tee pull back construction ,

KenF is be section we wanted .

Conversez if s exists , Pan we can chose ,for any X, tee map

F : ✗ → Pcp ) 5- rep (I , E ) . ☐

Pqxsihon7.SK) composition of fibration is a fibration
ki) pullback of a fibration is a fibration

prof: (i ) ✗ -7 2- Cii) ✗ f- t'_ E
② byI.ËËË
*pense ×
!ËËËÉÏÏÎuniversal

✗XI→ ÉSP pull bah H ☐



%FF.tt#Bbea ( closed) cof-brah.cn of locallyunpact
Hausdorff Spaces Then it : map ( B, Z) - map (Arz) is
a fibration for any 2- .

prof . We convert tee HL problem Xp
f- rep (Bit )

-F
-

Li
*

into a new problem by adjuration XXI# mep CA ,7)

✗ ✗A À ✗ ✗ A ✗ I sine i is a

✗ ✗ il Lxxix wfîhration so

X x B ✗ ✗ B ✗I is ✗ ✗ i
,
tenu

à tee hop F

exists . ☐

Ehs . ① Lo } CI
,
Lo
,
1 } c I vin due

fibration mep CI , Z ) ⇒ Z

rep ( I , 7) EH , 7×7

Z 1- (761,711 ) )
'

② FXB B is a fibration , rolled
"trivial!!



Proposiez. -8 (tuning a map into a fibration)
letf : X- Y be any map

.Then there exists a factorisation
f : ✗ =P(f)→ Y as a homotpy Equivalence
followed by a fibration .

prof: consider tee following pullback P- rep (ITY )

| J Levo, 1
The pull back of tee fibration ewig Y

is a fibration P→ ✗ ✗Y .
✗¥Y→ Y ✗Y

f-✗Y
P consiste of triples ( x

, y , f) c- ✗ ✗Y ✗ hop LI, Y ) st .

f-(x) = Plo ) , y =p (1) .

So in fact p = Pcf)
(x
, y , f) 1- (x

, p )
lx
, put , f) ← | ( x , p )

Composing P → ✗ ✗Y→Y gares De f-bati on ne
wanted . Tte tomotopy Equivalence is

X - P (f) ( . . . )
ton Dick

✗ 1- (x
/ Cfc# constant porte . ☐



Sometime we needtolifthomol-pi.es with fixed conditions on
a subspace ( cf . [ Bredon] ) .

lemna7.lt
p
bea fibration . Any Solid arrow commutative diagram
Dnx O U SÀ I
-
E

f
_
-

-
-

-
-

/ p admis a dated lift .

Dnx I- B

prof : The pair (DMI
,

Dnxou
"

✗I ) is homéomorpheto
✗I , Dnxo ) .

ËÏ =-⇒÷±☒Ë# ±" ¥" °
" ¥-

"
☐
"

.By induction cells we prove .

Way7
letp :E-i B bea fibration , and Y ✗ OU ✗✗I- E

✗ CY be a sub cw - copte×
,
Henk {✗I - ÉGP

HL problem admis a solution.



→wxtsIFÎÎZ bea strong déformation retrait and
p : E-B be a fibration . Ten any lifting problem
of ke fon ✗ f- E has a doHed f-

-

-

-

- LP

% .

f 0

Y
'

g-
B

Ef :Tee inclusion i : ✗ c. Y admets a retiration r :Y-✗

st
. roi = idx and ios is homotopietidy relative

to X
. het F be such a homotopy starting idy .

✗ ✗ ° ↳ ✗ ✗ Ivy✗ 1%-5 ✗ f- E

I f ti - ti
-

-

→

Lp
Y ✗ 0 cis YXI Y

g-
B

The second square commentes since F Àat ior . By Grollay7.IO
we have a doHed fillerH :-(✗ I - E .

Then we define
h = Ho io .

Then
po
Hoi
. = go Foio = go idy = g.

H (x , o ) = f0P1 (x, o ) = f- (x ) ☐



Renard : Ih general one can replace i with a wfibrahon
which is a homotopy Equivalence .

Thornhill
Utp : E →B bea fibration, Bo CB a subspace
containing bo

,
ke base point . If Eo =p

- " Bo ) CE ,
Ken p n' duces an isomorphisme in LE/Eo) Ein (B

,
Bo)

for any n71 .

prof . ① p * surjective . Cet b :(DIS
"'

) → (Bi B- ) be any
map and consider * - E The left e exists

f E-→ LP by Theorem 7.12

Dncg B
and represents a prevùageof [ b) in In (E ,Eo ) .

② pris injective . Cet f. f
' :(DIS" ' )- LE / to ) be

two map sit. pof =p - f
' n'a H : DnxI - B .

Consider Dn ✗20,1} u * ✗I EEE E has a doHed by
% -

-
-

-
-
-
-
-

7.12 agari . So:L ] .EE#IDnEI---t- À f- f ' . ☐



conllay-7.rs
Cet F =Fb

. =p
" ( bio ) belle f- ber over be base point .

Then In ( E
,
F ) ⇐ In B .

In particuler we have
a les vin *☒ * n+,# *+ ,E une ,

B I anF ÈME- -
-

Eof : The les in I ☒ for the pair LE /F) becomes

tee sequence indicated aboie . Che can identify
p ☒ as anti ( E ,

eo ) # Int , LE /F) Inn (B,
b
. )

P ☒
112¥ , E
- antiB ☐

t-xample7.tl/TheHopfnopq:S3-5cenbeseenasglued from two
map over hemispheres D? ,

D? c S2
, randy trivial fibration

s' ✗ D2- D2
,
where S3 = s'✗D2 U D' c- S'☒

It
'

> a fibration . _ . ) with Tildy ) = S1 .

S'✗S '

The les gins t.nu s' - The , S
?

⇒ une ,
5-MI
- an

B-tions"- tn72
. tenu un+ , = ma S2 n72

0f course #2570 ,
and y : Tz 53=-2 Fitz ⇐ Z ,

1 → trp


