
Backtoinjechvity-Pushout-p-dute.lt f : A-B, g :X-Y beto maps .

Construct A ✗ ✗ ¥9 A ✗Y The map

f- ✗✗ 1 Jp! LFXY frag :P -B ✗Y
B ✗ ✗

⇒
BXY is called Ke

PÉoffadg .

General Fact : For nops in spaces, when f , gare cofibrah.ms ,-

sois f- ☐
g. If for g is ah - e

,

so f- ☐ g.

PIE : f : A - B afbitray , g-
2:20

;
11 CI

cotation

AHA Ë! A ✗ I
2 ff✗I UaI:PCB×I%f- Hf] cofib ration , which

B H B ËÉÎÉ ✗ I is a h -e if f is so

Nete : f- ✗I has tee HEP for X since f- tas it for map X)

See : ton Pied, Strom , Ray's book apatride
Note: A rep P- X is a tomolpy on A &twompsfromp



Ihjechüty ;
we assume i : A-B is a wfbation and
x : A ← A

'
is a Croftsation and a tomtopy

eqwvalene .
Lot Kô

,hi : B
'
- X

,

B '=p
/A 'àA-B)

s.tn . hiéof = héof though H : Bx I- X
.

Cet ✗ ☐2 :P ↳ A
/
✗I be tee pinho-t-product pop -

Since

a is ah . e

,
x ☐2 is a ln - e . aswell .

cet p ☐ 2 : Q ↳ B'✗I
,
it

'

I also a cofbration
The assomptions ogive ns a mep H

'
:Q- X

.

Consider All A - BIBc- BXI

✗ taf fpitp
A
'
HA

'
B

'

# B
'
-

¥1
Composing pushouts gives a pTÉÜÏ× consider

next
A It A - Ax I - B ✗I From lle

f f f argument aboie

A
'

HA
' P- Q

( rectangle ) ,
we see that the right tard square is also a push-t square .



Finally AxI -P Ça A
'
✗ I For be same rasoir

,

i.✗If I I the righttard square
BXI L'Q

Yg
B'✗ I is a peshat

Holi ✗ I ) is a homtopy on A ad since ✗ ✗ I is a ti- e
,

we know [ A'✗I
,
X) = [ AXI

,
×]

.
We get a map

K : A'✗ I - X str
.
K taxi) = Holi ✗I ) .

But x
,
ad ✗ ✗I

,
are cofb rations ,

so we can shichfy and
assume Kola ✗I ) = Ho ( int )
AEI

AKA '- P - A
/

[
I

y
This diagram commentes

f because P being a pinho-h
et's enayh to check Kad

à H
'

agneau A ✗I ad AKA
'

Hence we have ar indeed

rep À : B' ✗I - X
.

It
'
, puisez a homotopg ho

'

= hé
.

• If ✗ is arbitrez , factorise a :#⇐ gegÊ↳"
& ¥ '

j q
. _ .

☐



lemna-5.es
lotus complet a diagram of solid arrows into a green
cube A ☐→

Az by constructif push -

L \ A } LÉA» 0-6 A-23 , Anz ,
Azé ( pinho-toffeeAr - J- tax bottom face ) .

→AI -7M¥
, Danke front face

is also a pusha -t .

Pmf : Composing back and bottom gives a push-trirectangle
Ao
- Ao

'

A ,_r.gl
,

,

'
" le * top ferais a pwhat, soI
is tee front fae . ☐

Lemna 5.10

ËsB bea cofbration , f : A - C
'

any map
.

Factor f : Ait> C J-C
' Den B A J-C gives

homotopyeqwvaletpwhoirD-D.lt
B à # f-¥



P¥
A - Ps

since tee back face with two
identities is a pus

haut
,
lemme5.9

Ac ☐
applis and inepties bat Hetfront

A ÎÏ
-

fu ? face is a p
who -t

.

De
pus
hot

of De homotopyeq . y alevg Ke\
c
'

CE D
'

cofibration C-D is a

konotop y eq . by left poperen . ☐

Theoem5 ( Komotopy invariance of p . o . )
consider a natural transformations of p

what diagram
c d- A ci> B néo D

¥ #ËËÊ à
> ¥?

where i
,
i

'
are cofibration, x , p, p are homotopie Quintenas

Then the induced trop 5 on horizontal pushauts is a homotopie
équivalence .

Regard : It does not natto whether i
'

or f
'
is a wfbration .



pff . Factoring sw-nnetaneow.ly f- adf
'
into of-butins

followed by a homotopy Equivalences we can use
Lemma 5.10 so as to reduce the proof to the case where
fond f

'
are cofbrations Than we factor the naturale

transformation as follows :

A- - B
C & A cri B G

C ÉD
tr En

,

4
ce¥ A /-t

2 A
' -24¥ |
↳à-¥ "i. * ici ¥ :

there P = po
( A'EA.isB)

,
soit:B =P is a tomotopyeg .

by left preparer . From Re universale p- penty of lle p- o ve

geta map P- B
' which is a homotopy q . because P ad a-

are so . From Lemma 5.10 we know that Retro bottom

push -b are homotopy equivalent . We are left with the

top part of the Diagram : Lemma 5.9 m' plies D- D" is a tre

by left pro perron . ☐



Remontez . We understood that the homotopie peshat of a
diagram CE d- f-B ce be continued

by charging a single prop into a cotisation
( Lemna -5.10 ) . Ih particuler lle do- the mapping

cylinder tas tee same hmotpy as pro . ( CIA↳ Gdf) )

§ftp.ngwikhomotopypushouts-r
Let's stat with strict colenîib

.

Proposition. 1 (Fubini for cdeinits )
het I

, J be small categories ad F : IXJ→Top .

Then
Colvin
y
Colvin
,
FC
_ , j )) = colin [ colin Fli ,-5fj'C- ici J

prof: Both are models for Colin#y
F. YES ← § -✗¥1

* = ☒ = ☒→ ☒

Exempte. 2 ✗ v4
Arps

= ✗ÀYB Ê
← *

"
→
À#À

ACX / BCY Î ← ¥
- À -✗À



We wisht obtenir an analogon statement for hmotpypushats .

We are booking at diagram indeed by I xI ,
where

I = L2- o - 1 }
,
ie Arz ← Apro → Au

Atoz ← Ao . - Ali
L L L
Au ← Au → A

21

letustmnall-nepsintcof-bratiom.ae also do it so
as to get cofb rations from ke pho-tof evey square
into lle corner .

For exemple consider the lower rightsquare
①Factor first x ad p through their cylindres , Cylla )= Aoi
② Construct tkpushoutp cyecp )-Aa

'

③ Factor Kemp P->Au through its cylindre Au
'

.

Aoo = > Aoi Ao o - Aos ' A- o- Aol
↳

age v0 fpffr.pt/-fr.ffage(p)
✓

Au qu
AÉOCÎÂÉ

,

Au Au



Lemma 6.3

Étudiante horizontal pmhouts indue a
coftsrahon A- ↳ An

,
A

o C Az .

prof . A- B check tee HEP fr5 ,

[Se PCX) by adjuration
Æ¥rô,_¥7
⇒→☐

"

P is a pu . Vegeta rep P- PCX )

since Pce C
'
is a of .

, get C
'
- PLX )

They in duce a map in D
'

. ☐

Propositions (Fubini )
Let A

. .
a diagram en I ✗I . Then

hop :p ( topo A. i ) = hop:* ( hop ° Ai . )I

prof : Horizontal pushoutyieldsapodiagoomoflofbrah.ms☐



Example6.CI Considera patof composablemepsfandg
We claim that there is a lomotopgufber sequence
C (f) = ccgof )- CG ) .
De map ✗ is induced by ratuaeityvia

A#B-→«f)

S- we prove Hat CK ) - CG ) .
À# →Cgtp,

prof we consider be IxI - diagram of which we fake
* - * = * ÉPIÉ *

horitontal pushouts first

µ T p p
ad finally avertie ne

* ←
A f-B - of) Aetevahvdyve cantate

H H L ✗ foot vertical homotopy
*← A#§ -oclgof) putois , of which we

Ihop. } { fhopotahehontentalhop.no .

☒ - x - CG) = Ccn) Bytnbini we Candide
tout ( (g) = Cca) . ☐


