
Assume we have ho
, ha : Z-Z

'
str f

'
ob-f = f5he

Agenin we look at these maps as meps 2-

hot Lhs
2- ' ci> Gkf

' ) __ ✗
Since ioho = io he

,
we have a tonotopy H from ioho = iohy

and look at it as any of pairs
H : ( 2- ✗I

,
2- ✗I U -2×40,1 } ) - (cylcf

' ! Z
'

)
De compression Lemma provider a homotopie hmotopy
H
'

: 2- ✗ I - Z
'

.
Hence ho = h

, . ☐

Theorem4.pe
Cw - approximation is unique up to homotopy

prof Let 277
'

be to Cw - approximation of X . We

have h : Z- Z ' s.tn. féh = f. we also have

a
'
: Z

'
-

> 2- sh foh
'
= f !

Tte composition l'oh : Z-Z vérifies à##× commute

up
1- homotopy : -¥Çh= fbh - f- 2- I

The identify also does the job . By uniques l'ohé idz.
☐



We have used the following general fact about
"

Equivalences"

Propositionnel
A map x : A- A

'
is a homotapy quittance iffit

indues a bijection ✗
*
: EA ! X) E EA,

X) for any
Space X .

Pgf : (⇒) : x has a homotopy inverse x
'

, teu tox '=id*
✗
'
o x = ida

, induûg Ke idetitz on [ -
,
X) .

⇐) : we use ✗ = A and Ida : A - A ,
thee exists x !ALA

st . d'ox = IDA . Now we look at A A
'

,
which

at
A
/% '

comments
up
to homotopy sire

✗ oa ! & = x . Using idé also solves the same problem .

Fida since sit is a bijection , ida / = ✗oh ! ☐

theoreme ( Whitehead Theorem)
A weak hemotopy Equivalence between CW-complexes is
a tomtom équivalence .

prof f- au-e . X- X
'

,
idx ' ira Cw - cpprox . Apply 4.2 ☐



ss5.ttomotopypushoub-lett-be.tk
category 2<-0-1 .

We have an adjonction
colin

±
: Topi #TOP :

En constant diagram
moray ( colinIF ,

X ) = mor

d- c- Topt
( F

)
CX )

"

h
= Chis

,
ha )

"

A - B

L r.
I )his

a ÏÏ.
he

Etample-5.tn tlomotopy invariance of push ut

D
"

← 5-
'

-D
"

S
"

F

2f did jz
NÉE

✗ tu te ¥
F
'

* ← S
"'

- ☒ ☒

We look at Kevork al maps as a natural transformation between
diaporama This problem mo-hratesustoodg.tk construction

of pivotants to get a homotopie meanùgful version .



Let c A -7 B be a pwhat diagram .Dfi5
Tum f and g into coftsrations ,f : Acis B'=B

and
g : A is C

'

= C
.

The

hmol-pypushontofc-SA-l-B.usRe p
whout of C

'
à Acis B

'

.

pemark-5.rs We have a natural transformation (vertical )

C
'à A ci B'

Lida Lz my
↳
po

È à A f- B d
po

we always lave an induced map from the bomotopy po to
the usual po . We want to prove that hope is a tomotopy
invariant and welt- defined construction

. In fact its the
best such construction for pusha ut diagram mapping to
tee pastout : its rolled tkltdleftdenvedfuctor
of the puis tout .



ttample5 The doublemopping-inde.is De standard
model of tomotopy pushers . we tn f , g into ofbrahms

using the mapping glider
:

ÇI}Geg)
Cyllg)← A ce Cyecf ) -- ËË}seeFor exemple if C = * , we get

- Z

- 1CA ← A - Gtf ) →

B - owe see
, after rep aramehntation , Kat the

bomotopypushontwtomeomorphic.to Ccf) , alsocalledhomotopzcofb-lu.pthomotopy version of be wfberbf.gg)
For exemple , if B = *

,
we start with * ← A- ☒

,

we modify it to CA ← A ce> CA ,
assemble De

parts to get I A .

In the unpointed category we get the
(unrduced ) suspension

,
in the pointed category we get

lle reduced suspension using As I instead of AxI .



lemma5.5-lshictifiah.cn)
Leet i : A-B been wfbration ad a triangle A ÙB
which comments vptohomotopy.TK there f-§ Lgexists g- : B- X str g- = g ad g- oi =f.

pff : cet F : Ax I→ ✗ bea hmotpy from go
i tof .

Consider A ci> B

iof fi.Jg
'
"hih commets since

H ( _
,
o ) = go

i -

The HEP for iAxI ËEBXI
-Ei u yield a homotopy¥ "

G : BxI - X

str . G ( iCal
,
1) = H la

,
1) = f- la) .

we set g- = Gl-, 1)
☐

An important feature of topologie spaces is leftpropaness .

Propositions ( left Propanes )
Leet i : A↳ B and x: A= A / a homotopy Equivalence
The p

what of x alorg i is a mopp :B= B
' which is

a homotopy équivalence



prof: To check that p is a hmotpyquvdeneg A isB

ve prove fit :[B
'

,

X) E [B
,
X) is a I µ?

bijection fr any Space
X

. A
'

B
'

surjection .

let hi B - X .
Sine x is a hvnotpyeq ,

the is a map
k : A

'
_ ✗ st

. hoi = box

A crib By the shidifiationeemma
ne change htoh = h sh .

% L
A
'

B
?)" à -0 i = kox

✓ De www.alp-pertyofke
×

po yieldsamep h
'
:B
'
- X

str
. h

'

of =à = h .

Ihjechiity : Assume hé ,
hé :B '- ✗ st . hé - P = hé of

Goosea homotopy H :B ✗I - X from
hé of to hé of . As

-
✗ I is a left adjoint , we lave

a pushout diagram of cylindos AXI ÎBXI .

✗ ✗Hi LAI)HBecause ✗✗I is a homotopie
Equivalences thee is K : A'✗I-✗ AKI BIXI
str

.

Ko (✗ ✗ I ) = Holi ✗ I ) . ¥



As before we charge H for À st . Il = H and be

diagram commets shictly . We used inI is a cofbration
and notice that Eo = Il -

,
o ) = ho by restriction of the

homotope for I adH .

By universel p-penty of ke push -r we get H
'

: B
'

✗ I- X

str . H
'
o ( i ' ✗I ) = K and H

'
o i
.
= À i

what is H
'
C-
,
o ) ? ( not quae to hé I consider

A E- A ' B
'

. Orestie hé . il koi . ?

iof fi . é
AKI BÙI Preconpose withx ,

where we know they areà equivalent .

☐


