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The mapping yhndo construction is useful to
"tum

any map
into a ↳ fibration

"

.

Def.1.fr letf : X- Y be any map . De meppingybîdv_
Cyllf ) = (✗ ✗I ) #%

,
o ) - fcx ) ✗ c- X

-

This is the unpointed version , the pointed version

replaces ✗ ✗ I by ✗ SI = ✗ ✗IL*
This construction is function

'

al for morphismes of maps ✗ f- Y
( ie pair x :X- X

'

, P : Y- Y
' st

. Pof = f! x ) ¥ ,ÇÊ,Here xp indue a mp Gl (f) _ Cyl ( f ' ) .



YLmtl-weapsemepr.cyecfl-kl-Y.pt ) -TI,À x

is a homotope Equivalence

prof . Tre inclusion i : Y is ☒ ✗ I ) KY- Cylcf )
bas r as a retiration

. Clearly roi = idy and
ios : Cyelf) - Cylcf ) is homotopie to tee idetity .

via H : Gkf ) ✗ I- ↳ l' f) " shrink down
( ( Is)

,
f) 1- Êt)

tee glindo
( J , t ) - J ✗ ✗I

"

. ☐

DEFI De moppirgwne Ccf ) is Gkf)/✗ ✗ 1

Def A sequence of pointed mapsA-l-B-scish-wexact-if-C.ES#-B,ZJf-*-lAyZ7
is exact as seb ( Img

#
= #
* )-1K£. ) ) for any

pointed space 2- .



lemmal.IS
The Square A f- B À Ccf) is h - w exact

•

prof First iof = * , so In # c #J'El )☒ B

By construction we have a puto-t f-(A)

a- A f- B maps from (Cf) correspond
le ¥
la , - ) CA -,

to pairs p : B - z
H : CA- 2-

É st . paf = Ho i
.

If j is lle induced map , go
i = P ,

ie i* [ g) = [ PI .
Since H can be seen as a mll - homotopy from paf to
a content map , we have shown that any [ p) E#J'[ c)
lies in In it

. ☐

Now we iteale this construction and construct the

mapping come of i - f, :B - « f) , Ben identify itwith
EA .



Lemma 1. 6

¥- EA
«fr ) : ☐

"f)

pf Suive A ↳ CA is a↳te
B-%)

pushont diagram, and because ACCA ,
Bc Ccf) are

subspace the quotient spaces CALA x Ccf)fg are
hameçon . Non iteale

A - CA - CATA = EA
fl L L
B Fccf) I «f)FEZA
f 1
CB Kf4) 9- (Cfr )Kpf EA .

We will use Kfr11,3 as a model for EA .
We show that

q is a homotopy Equivalence . Defoe s : EA- Ccfr)

lais) (→ {à 2s) SEE(f61,211 -s ) ) » {



Construct H : «fr ) ✗ I - Ccfr )

Ca
,
s

,

f) 1- {
( 94+1-1 s ) if Kitts
( flat, 2- Hits) if not

( b
,
s
,
t ) 1-- ( b

,
K - f) s )

we check its continuons . :
• if Letts =L , Ca

, 1) - Ifla ) , 1)

• Ca
,
1
,
t ) -- 1f61, 1 -t ÎÇ( f61,1 , f) c- ( fla ) , r - f)

"
✓

.

His a hmotopy from HC
_

,
o ) t HC -

,
1)

.

At to
,
we get Hla , s , o ) = la , s )

" ( bis , o ) = ( b , s )
/
Hl
-

/
° / = Id

.

At 1- =L
,
we get Hla ,

s
,
r ) = { Ca ,

2s )

(fb ) ,«es ) )
'
t' (4411--4,0)

So HI -
,
1) is so q .

Here so
q e
id

.

We also bave qos = id , qos : EA - EA

⇒ 1- (à,min(2→ )

☐



We centime with tee come of fa : «f ) - C (fa ) .

Propositionnel
we have Ccfa) - E B and the induced map

f,:((fr ) - Ccfa ) is homotopie to EAÀ EB
where r is the inverse of the H - cognonsZA.pro#The first clair follow from Lemna 16 .

Consider

B Ccf )¥ Ccfa) À Ccfa )
① - làp↳ËÊ¥

> ZB

Just like q collapse CB in «fa) ,

q
'
- C [CCFD in Ccfa ) .

We show ①
commentes up to homotopy .

Suite
q
'

of, =p
'
: ( Cfe ) - EB

collapse « f) in « fa ) .
-To make it easier we precorpore

with s
,
a homotpy Equivalence Ccfa ) F- EB

EA ÉLIE



Let's Compute p
'
. s : EA - E B

«
Ccf )

⇒ 1- { t'as
) = *

p4fÊ) =Ès ))

This is homotopie EA - E B

Cats) 1- (flats) = E.for
where ~ : EA - E A

Ca
,
s ) 1- Ca

,
1-si ☐

theoreme ( Puppe sequence )
De sequence A f- B ¥ Ecf) I EA# ZB#Zccf)
→ E 'A EZB - -

- - is

h-weaactateachspaa.pro#This follows directly from Lemma R- 6 ad Pop -
1.7

togeKo with be fact non = id .
☐

Remark-1.es : On [ _ , 2-7 ,
[ EARZ) adLB, Z] are

groups , Ef )
# ad (Efo 2)

*
have same vinage ,Sarafand.

So we can forget r if we prefer .



D. Puppet 1930 - 2005 ) . Sequence is from 1958

PhD Seifert , Heidelberg

ss2.Pakspaesandloopspaas-Def-2.LAsequence of pointed spaces ✗ f-Y -87 is

hct if [ Aix) #EAN)# [ Ai 7)
is exact for any pointed space A .

Def.LI For ✗ a pointed Space , FCX ) - map* (I , X )
where 0 C- I is the boom base point .

Just like A is
"

nicely
"

contained à CA
,
FCX )

"

nicely
"

sujets ont ✗ n'a eus :FCX ) - X
W 1- wee )

i
when Xpath -

Connected

Given a map f : A - X ,
an extension off to tee come

AC CA corresponds ta mll - tomotopy f- = * . By

adjuration this intron yield a lift A- FCX )

map * ( AMI , X ) = map ☒CA, FCX ) )



Def-2.3.pe meppig-f.br Flf ) is be pull back of
✗ f- Y FLY )

FAI : • Fcf ) f-1 ✗ f- Y is ln - exact

• Fcfa ) = Il

• Fcfa ) Fcfa ) is h.e.to RX-SH
,

Kengo r o If where a istle inverse of.si .

Theorm24_ ( dual Puppe sequence, fiber sequence )
The sequence

. .si/-fsEY-rFlf7-rxEfrY-T-cf )-
- ✗ f- Y is h -exact.

t¥ : A = 5 we get a long exact sequence àIxion✗ - on-1 - nn-iFcf) - on_, X - ini- - -
-


