
s.s3CW-approxinationwem.ee
prove that euery space on

be rplaced , up to

weak Equivalence , by a CW - Complex .

DEFI An unpointed map f :X- Y is a weak

hmo¥È ( week Equivalente .
)

if for any choice of base point x c- ✗ ne lave

isomorphisme f- ☒ : un (X; x) ⇒ on CY ; fcx> )
for any n70 .

Remontes : This mears that To X and Toy are in 1-1

correspondance via f ,
and for any pak -

connected Component ✗ • CX , f n' duces isomorphismes
In✗

☐
-Dry n> 1 where Yo is tee pak - coup .

of Y containing f-( Xo ) for our favorite base point
( since In ( Xo ; ou) = m(✗ o ; x,) for any xo , xz C-Xo / .
A homotopy Equivalence is a u - e .



Theorem-3.rs Cw - Approximation

Any Space ✗ admets a cw-appnximati-i.ua
weak Equivalence f : Z- X where Z is a CW - couplet .

prof We can assume ✗ is path - connected since we can

cu - approximale omg comparent separating The prof is
by induction in skeleton of Z .

Tte CW - Comdex Z has a single O- Cell
,

Zo =L * }
,

and we define fo : Z - X by closing our

favorite base point in X -
This map indues a bijection

on To -

Next we chose generator di c- IsX and representatives
ai :
S1
- X

, loops at tee choses base point .

We

Construct Y
,
= Vis ? -

The base point is Zo and

we define ga :Ya-
X by setting ga / s !

= ai

sine trop ☒ (Vis ? ,
✗ ) ± Imap! SI , X ) .

i



V1 is pak - connected go gs in duces a bijection onto
and by construction ☒ a) * : IrY, - Is X is surjective
since s'Ë vs ? → X is ai ,

so (gr) *Tj? = ✗ i .
i

we have (g)* : Is Ye ± * Ess? ⇐FII)→ ta✗
IEI

Cet K = Keys)* and chose generator Pas c- K and

representatives be : s'→ Y
,
= V5?

,

iEI

Construct ke pushowt Lsk ÷
. Jg ,I

KDL ça Zz -¥
.>j

we obtainfi . Zr - X by Üèümièsaépnputy of tee
pubLout . Consider an index k and ke hop

Sk¥ Y
,
À ✗ ,

chichis mll-homotopie
f U sine gfr /* ( pa) =L

☐ à _ -

-
-←

"

Hence the is an extension ha
.

Set H = Vha .



By construction the diagram with → commentes and so

Fr : Ze - X exists I and is unique) .

Because Y
,
C> Zz ✗ is got ,

which is surjective in its,
so is for .

We woe text tee Seifert - van KampenThoren

to understand that we have a p -

o
. of groups

Is (Vas!) =FCK) - riz = FCI )

l
r.
I

I
,
( VDL) = 1 - it ,Zz = FCI)* 1 =FLIK

FCK)
Hence the morphisme TheZz F- IT px is an iso .

Leet vs assume Pat ne lave conshncted a Space Zn- , ,
a

CW - Complex of dimension in and a hop fin ,
: Zn-i - X

sit.fm ,) * : Fk Zn-i Me ✗ is an no Fk En-1 .

let as chose generator ti E TinX and representatives
ai : Sh- X .

We define Yn = Zn- i VHS? ) and
i



amep gn : Yn - X by gnlzn
,

- fr-1 & g) gni = ai
Just as before n)* : Nn - nnX is surjective since

sniis.US?-,Zn-iv(VSni-=Yn-X-isai .

i

ai

To make it injective we kid tee kernel K= Ketlgn)*) .

Chase generator for c- K and representatives
bp :S

"

- Yn .

Becausesnb-kynm-xismllhomotopi-clognklps.to) f
D
" '
-

-

-
-
-à[
→

the exists amll-homotopyhgexterdiggnob@toDNl.Defvie En as pushaut ✓ SL ÀYn
Ffr )

ya /→ Pk
FIK)- FCI ) f f

1 Josie
"
VDE

"

-

"

Zn=Ynu¥éÉ ')t



Since Zn has been unshcted from Yn by attachez Hill- cells,
Re pair ( Zn ,

Yn ) is n - Connected
,
so the inclusion

Yn c Zn m' duces isos on Ik Yn É pa Zn for GEN - I
likecrise ( Yn

,
tn - i ) is K - p) - connected , so

IkZn- i E pkYn f- r kEn-2 .

Focus on In- I i The map In - ,
Zn
-, →

Kh
- /Yn is

injective because Yn = Zn- i V (Vis? ) and Zn_ , is a
chat

of this wedge : Zn -i c, Yn - Zn- i is ke identify .

l collapse US?
It is also surjective : In - i ( Yn ,

Zu
- c) = [ CD"

,

"5$
,
En.it/s?;Z-D

By Cellular approximation , erery map is homotopie to a map
factoring through ( Zn- i , tn - i ) , hence Zero .
All in all we have Zn_, c> Zn indues iso on Ik

,
KEN-1

We finally reed to show Nn Zn à is an Iso .

Agari smjechvïty is Cleo : unYn - on En #☒ aux
-

is surjective by construction . .



Leet x e Ko fin)* : nnZn- on✗ and chroma représentative
k :S

"
- Zn = Yn ul EI" )

By cellule approximation we night aswell use a repr .

k
'
:S
"À Yn - Zu

The rep k
"

represents a clan K
"

e nnYn sit
.

(gn ) * (x
" ) = 0 C- on✗

,
ie x

"
C- tlergn)* .

Therefore K " is a sum of multiples of for , generation
of tee kernel : up to tomotopy

k
"

=
Sn P-V S

" À VYN D- Yn
-
-

-f- t 'constate f
* ✓Dm

"
⇒ zn

Vhkj
We have seem Wat k

'

factors through a contractile space,
hence * = 0 . ☐

Renak-3.lt • There's a more general n- connected, relative
(X
,A) .

Here A = * , no .

• Through the go of Int , instead ofTop* ,coincée?



EEL.P.IT?EnEfIY--ranyspaaxa "tower "
✗→ ✗ En] by filling all highohmotopy grossi

a-KX
,
le > n-11

, withonttouhng the
Lower ores .

Def.lt#AspaaXs.t.-xrX--oforallk--n ,
and à = A , for n71 , is Callendar

¥¥E of type KCA ,
n)

Exemple 4.2 . S1 is a KCZ
,
1) ( 51=112 = * )

-

. S'✗ S1 is a KCZXZ
,
1)

• IRP
-

is a Ktk , 1) ( p•= SI#
• ap

-
is a KCZ, 2) ( no prof get )

Eilenberg (1913-1998) , PhD inWarsaw with Borkh &

Kuratowski / 1936 .

Mac Lane (1909-2005)
,
Yale

.



Propositionnelle ( Poshnihsv sections)
Leet X be a path - corrected space ad nz1. Thereexists

a space ✗
En] and a map ln : ✗ -✗ [ n) sit .

Ik✗ tn) = o for k> n and ln)
*
i.IN/=--IkX-n)

is am iso for k ⇐

n.pro#Wechoooegenoatorsxic-an-iiXadrepr.
ai .. 5

"

_ ✗
.
We Construct a pushont

v5
"

✗

s s
✓Dn
"
-

t

✗
'
= ✗ ulema)

i
De pair ( X

'

,
X) is Kil ) - connected , tenu ✗↳ X

'

indues an tro on Tlk
,
k En

. Moreover Int ,✗→anti#
is surjective . Any map s

" ' 8- X
'

factors through X

by cellule approximation .
As at tee end of lle (W

-

approx .

we see that of is null- homotopie .

So anti#→ .

We unable by indiction ☐



theoreme (Poshikortowv)
There is a tower of maps i ✗ Fr+17 - ✗TN making
the diagram commute

✗

✗Enti]
a t
e) ✗ tn)

1-
:

✗Èr )

prof ✗à-D is Conmebol from X by attacking
cells of dir > nés . Let's look atoneK-isl-eell.sn-12
a- ✗ lnoa = * since

f Enez✗til _→

Dm}_,

- § ,)ln
-

I, - - j' ✗Én eonchdevidxhidy .

☐


