
Def.tl/-LetKbeapoGhedronandf:K-slRk .

We

soy f- is pianissimo ( PL ) if there exists a

decomposition of K vint compact Convex polyhedra
Kick sit - f /ki affine .

A map f : K→ êk

is PL if it so for some homes êkn R?

Constructives
⑦
Let f- : In- Rk be a map .

Consider

Bi = 13kF c Bz = Bt) c Rk ,

Since I
"

is compact and f- is continuons , it is unifomly
continuons . We choses >o st .

① lx- y |
< E =, 1f64 - fly ) l < %

② c < £ dl f-4131) ,
Î - f-4 BI ) )

chose N c- IN St . diam [ o
, j ]

"

< c

☒ Assume Bz is contained in the vinage off .

Next sub divide In into shall cubes of side f- .
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Euery pointof Kz is at distance < cfnomk
so - < 2s fromf

"

e)

Hence Kzc f-
'

(Bz )

§2.Wbrappxinahon_

ËnfÉTÉÊw uek asdf : Î→ Z amap - Then f- à
homotopie to a map f1 , relative 1- f-

'

(W ) str there
exists a poly hadron K CI

"

and

⑨ falk) c ek and f1 /K is P L

⑤ J open =/ UC eksl-fj.lu) C K .
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profe: By Construction l
.

5 for Bn c Bz cÀ = êk , we
find polzhedra Kckz CI

"

. . . Cet us subdivide

any
smell cube to , tu ]

"

into n-su-nph.us/Ilbarycenhic
subdivision )

.

Define a map g on Kz by g ( v
)
= f- (v) for any vertex v.

we extend bûealy to all Suinplicesofkz .

Defne also a map q : lez - I with q IK = 1
and

q =
o on the Boundary of K and make it continuous

for exemple as done for g.
Construct a homotopie H : Kz ✗ I - ek
HE

,
HH - t g) if + t -

q
-

g
At t -_ o : H C-

,
o ) -f

C- = 1 : Hl - i N = K- q ) -f + qg ,
onK it 's g.



H ( x , r)
= 8L" ) if x c- K

Hlx , f) = f- (x) if x c- 7kg ,
tt c- I

This we can extend H to a hmotopy on I
"

by using
f constantly on In - Ka .

This defîesahmotopy
from f 1- a trop f1 which is

g on K
,
a PL map .

First fsck) c Bz ce
k

by construction
, tlerstofke

prof Cornish in funding U .

For this we prove that

o ¢ fr1 ITK ) = C ,
a compact subspace of Z , ad

leur choix àPeîreighborhood U of O disjoint from C .

• On I \ Kz , fr = f seuls a point ontside of B1
• Leet o be a suplex in Kz- Kz . By construction o

is contained in a small cube of radius 1N , f- (s ) is this
contained in a smell ball of radius I .

To define g we used the same values as f- on ratios and

be vinage of cube is Convex , so g (
s ) is contained in

tee same shall ball .
. likewisefor HCG, E) , for any t .



Fort = 1
, we get fa ( 6) is contained in this ball of

radius I ad whose origin is at distance > £ from o .

Hence o € fr ( o ) . ☐

Theorem2.CC Cellular Approximation Theorem)

Leet f :X-Y be a map between CW - cendres

is homotopie to a cellular mop , Iff is already
Cellular

on a sub (W - Complex A, then we can choix
the hmotopy to be relative A .

J .
H .C .

Whitehead (1904-1960)
.

Whiteheadprbemi O- Z- A B - O in Ab

If for find B, any such ext . splits ,
is B free ?

Shelah : unde cidable urdu ZFC *pSn→k



prof: We proved by induction ,
skeleton by skeleton . For

✗
o

,
we chose a path from f (x ) to a o -all

y
in

the pak connected component of f-(x) C- Y , for any x c- Xo .

This yield a bomotpy from f-/× . 1- a mepfo cellules
ou Ko i since X- C ✗ tas ke HEP ,

'

we obtenir a

trop f. : X - Y st. f- /×, is cellula .

Assure now that f /✗ n , is
Cellular and lookat one

Cell en
/ call x : s

"'

- ✗ n - ,
De attacking map :

str
- t
a- ✗ n- , À ' Yn

- i Since Dn is Corp act
] I I its vinage in Y meets
Dn ✗

n-i yen f-Y oneyfiitdy many cells .

If all have dim E n ,
wére happy , if not leth be the

dimension of the largest of them If f mises a point inek
we more to the next port of the prof . If not we wile woe
the lemna to make f homotopie to a map f, missing a point .



Consider g
: In =-D

"

- Xniyê f- Y
We replace Y be lle sub (W -ex made of the cells in the vinage of g
and call it Z = Wu ek .

By Lemma Z - 1 '

y
=
ga relative 1- g-

'

( W ) and ga
is PL on a polyhadron K CI

"

.
.
.

Since J In C g-
'
(W )

,
so we can extend tlebomotopyt

a homotopy f- = f1 relative t ✗ n - i . The hop fais
PL on k c In and there is an open U ceks.tn .

fj
"
( U ) C K .

.

Because drink - ne k
, f1 is PL vinplies Kat it is

not surjective on U as it hits a finire number of affure
subspace in Rk à ék . Leet u E U be a point not in
the vinage .

h

.

eh

€ -Ë-€
W u (ekin ) admets a déformation retoucha onto W



This allows is 1- construct a homotopyfrrmf.to f1 ,
Kento

f2 which messes the while cell ée .

We iterate this process fuiitely many tonies to make f-
cellular on ✗n- i UE

"

.

If ✗ n has more cells , waybe infinity many , we apply
this process svinwltaneously on all n -cells

If dire✗ = os
,
une concaténation the homotopie making f

Cellular
on ✗ n ,

Xnt , , etc . in the way
indicated by

lle picte
. I I I •

0 1

{ 34 718
Ex
,f-o Cellular ficelle

ou ✗ o onXp as

Alt=L
, f tes beurre cellule on ✗ = n¥n . ☐



Corollaire
# ees

"
= o for kan

prof Ary map Sk-S
"

is homotopie to a contant mgp,
see Exemple 1.2 . ☐

Def.IS A Space X isn-comected-fxkX-foranyk.sn.

O - connected : path - corrected
1- connected : svinply Connected and path - connected

s
"

is ln-1) - connected

Def-2.co A pair ( YA) isn-comeeted-if.IRCHA) - o for k En

This meam Ik A I Ik X for k < n
'

In A→ on ✗ is surjective ,


