
Proofs A subbasic open in map (Y ,
Z) is of Reform BCK, V )

for KCY compact , VCZ open :
For

any f-
C- BCK

,
V )

ve construct a neighbourhood of the from

ftp.?peBlKi, Bi ) for Bi c-B

since V is open , V = YVa ,
Va basic open ,

Vx = ÀVx
, j ,

Vx
, j c-B

, non c-
N

,
x

.

As f-(KKV
j=r

⇒ f-
'

( Vx ) cover k in Y
. By conpaàty find kick

sit . f-
'

( Voi ) cover K
. By Etude I , find Ki#Ki)K

sit . K = ftp.ki . Now f- ( ki ) c ki , j Ki , tj
This meam f- E M BLKi

, Voi , j ) ☐

iij

IÊÎÎbe Hausdorff spaces and Y bally compact
Thon tee exponentiel leur restrict to a home .

trop ( ✗ ✗Y, Z ) x map ( ✗ , map H , Z) )



prof First notice that the set theretic exponentiel leur
2-
✗✗Y

= (E)× chi do to map (✗ ✗Y , Z ) and
seuls a trop f :X ✗Y- Z to a ( continuous) map
✗ - map (

Y
,
7)

. Conversez a map ✗ G- map (Yt)
corresponds to a map ✗ ✗Y - Z which is continuous

since it is a consosinon

✗ ✗Y 9- map (Y, 7) ✗Y X Z
.

By Lemma 1.6 , BCKXL, W ) fon a subbasis of the
source for KCX , LCY compact, W C

Z
open .

By Lemma 1.7 since Z is Hausdorff , so is map (Yt)
Hence we can use Lemma 1- 8 and get a subbasis for
the compact -open topology on the target , randy

BCK
,
BL L

,
W ) ) for K ,L ,W as abonne

E subbasis of c- - Topology on
mgxy , 2-)The exponentiel law sands B (Kxlyw )

to B (Ky BCL, W ) ) and vice- versa , so we fare
indeed a borneo . ☐



Renart : • Hausdorff is OK
• locally compact is more restrictive .

A Chi -

Complex is lo cally compact iff evey open all meets orly
f. many

cells ( o- dim open all is a point ) .

In

particular RP
_

,
EP
_

, VÎS
"

are not loally
compact .

§2Categoiolcowidhahms_ ( Ray , Chapters )

John Milnor (1931 - ) advocate for using the category of
all Spaces fanûg the homotopy type of a CW - couplet .

He proved map (✗ (Y ) is a
WU - ex if XY are so

and X is consort . It fails if X is not compact in

general . _ .

Thus this category is not
" Cartesian closed

"

( exp - law)

Nowadays a commonly used
"

category of Spaces
"

is

that of compacteur geneated spaces .



Def.2.li A space X is

weaktlaus-dorffifanymopgi.lk- X with K compact les closed vinage

Def.2.LA subspace Ac X is conpactlgdooed if
g-

'

( A) inK for go.si 2.1 is closed in K

If X is weak Hausdorff , Ais unpactey closed meam
A r L is closed in X for any compact Le ✗ .

Def -2.3 A k-spae-X.ua Space st .

evey unpactly
-

closed subspace A is closed A weakHausdorff
k - Space is a cornfeld space

Hurewicz (1904-1956)
Record ( 1969) notiued De Cartesian - closed poperty .

The product of X and Y is not ✗✗Y
,
but

k(✗ ✗Y ) its Kiffan where all umpactly closed
subspace are turned into closed overIdem for rep .

. .



§ 3 Pointed mapping spaces ( Strom
, Chapters)

All Spaces are pointed ,
so X wel meam (X

,
x ) , and

- are Hausdorff and loolly compact .

DEFI cet × ,Y be pointed Spaces - The

pointedmeppingspae-mqz.CI/Y) is be subspace of map (X , Y )

of f :X- Y et . f- (x. ) = yo .
The base point

is cyo :X- Y ,
x i- go .

Recall that the

smashprod-uctxnY-XXK~y.lemma3.TL#-Bbeapushont
square of Hausdorff and

AL Lh bootleg compact spaces . Then
C-i D

map (D ,
Y ) mep ( ci )

¥ 1g*
is a pullbacksquare .

mep ( BN ) # map ( AM)



prof we cheek the universal poperty : consider

✗ÊËÉ By adjuration we

prop (D) Y )- MEPLGY
)

find a diagram¥1fgxmep.LI?Y)f-*meplArY )
✗ ✗ A ✗ ✗ B

which comments

"8L µxh)b=a(p) by
naturality ,

✗ ✗ C - ✗ xD
② for exemple

both ✗ f) = alf# p)①¥Ï
k = ACK)

since Xx- is a left adjoint so it preserve
pmhout

, therefore d exists and is unique ( and ① ad
② commute ) .

Chose 8 = bld) so ①
'

,
②
' comment .

Sine al -8 ) =D
,
J is unique .

☐



covllay3.hrAc X and XIA is Hausdorff and lovely compact .

Den map * ( XIA , Y ) is homéomorphe - to be subspace of
map ( X ,

Y ) of f :X-Y sh f- (A) =

go.pro#X/Atas [a) as basepoint for any a c-A .

The pushowt A ✗ indues by Lemma 3.2 a
t¥ xp

pullback square

map ( XIA ,
Y ) mep ( * , 4) ✗ Yay .

So mapWAY )
l ' t F

mp ( ✗ , Y ) -8 trop (Ary ) cy
f- 1- f- LA

is a subspace of mp (X , Y ) ✗ Y .
Pointed maps correspond

ta pairs ( f , yo )
.

Then map * ( XIAN ) is this identified with a subspace
of trop LX ,Y ) ✗ yo of & / go) s't.fr/A=cyo .

☐



Corollary 3.4
Ë ,

Z) is homéomorpheto the subspace of
mep ( ✗ ✗Y , Z) of mops f- :XXY- Z

stflxvy-czolhorem3.tw
e lave a home map*( XNY ,Z) à mepxlx ,nop*(YZ))

prof : we restrict be home map (✗✗Y , 7) rompu,mph ,
-

to mop*(✗N ,
Z) by Corday 3.4 . De

vinage acf ) of a map f- : XXX -Z st.fr/xvy---czo
is a map a(f) :X - trop (Y , Z ) (
for any ✗c-✗ , x i- alf) (x) = f- ( x , _ ) : go i- to

xo 1- alf) ( re) = f- Lao , - ) = Cao
Hence alf ) belongs to map ( ✗ / map☒ (

Y
,
Z ) )

*

Conversdy Pe inverse home b from Section 1 dents

mp ( X , trop * (Yt) ) 1- map* ( Xrt , 7) .

☐
1996 , PARS , Cagliari



corollany3.6.li) The smash product ✗ n _ couverts pushoub vit pushoub
ici) De pointed map * trop ☒( X , - ) - pull backs into pnllbaks
lui) The- mepxc- , Y ) -pusho-tsintopullbaksp-f.li) ✗ r - left adjoint
loi ) mepxlx, _ ) right adjoint
iii) like Lemna 3.2 ☐

Def-3.7-Tteloopspa-RX-mopx-cs.it , ×)
Elements of IX are based hoops in ✗ .

Def.3.8-Therducedsuspensi-SX-shXN.la:5/--(I/o-1) ^ ✗ = IX c) _ ( r , x ) ×

☒ Xxl Hao) - lo ,
x ) ft

( o
,
x)- ( opto) KxI

✗✗ •
a

"

pointed suspension
"



Propositions
map * ( X , SH ) x mpxc SKY ) ☐

s -Ir

Ih particuler [ × ,# *
= [ SX

, *
(Takeno )

.


