
ChaptesI . The compact- openTopology

Arin: upgrade Reset of (continuous ) maps f :X- Y
between sp aus

.

X ad Y to a space of maps
trop CX , Y ) by defuiing a topology on this set .

This the category of Spaces is enrichit over Top
Also in Top * .

ss1.Thecompaet-opentopology-t.latcho , Appendix A
Here X ,Y , Z are Spaces , all maps are continuous .

Df The set of all maps f:X-Y is given the

structure of a Space map (X ,X ) with the

compact-opentopology-whooesubbas.is is
BCK

,
U) =L f- :X- Y 1 f ( K ) cu }

for K compact in X , U open in Y .



Therefore a basis for this topology is given by fuite
intersections of BCKi , Ui ) ,

1 C- ien :

BCK
.
,
U

. ) = Lf :X- Y | f-( ki ) c Ui ,
K Kien}

.

An arbitrage open sub>et of map (✗N) is an arbitraire
union of such BLK . , U .

) .

Remontez : We will mostly wok with finite Cw-complexes
as source of map (X ,Y ) . If Y is a CW -ex

Hur map (X , Y ) has the hmotopy type of a CW - a-
,
but

this not time if X is am infinite CW - a- in general .

Etampes ① ✗ = *
, map ( * , Y ) Y ( home )

② ✗ = 21 , _ . .

,
n } discute

, map (XX) -~Y
"

compact - opentopology corresponds to product topology .

③ ✗ = I = [0,1] , map ( I , Y ) is the

Space of paths inY .
One can chose a nierbasis ke : chose

a partition a-to <ta < - -

- <tn = 1-
, Us , _ . / Un CY open



4f : I- Y 1 f [ tir , ti] c Ui ici en }

④ ✗ = 51
, map ( S1 , Y ) = MY is the space of

frieloops ( free : base point of loop is arbihnary )

:#renren.rde-rl.lt Ex potential law .

morse#Y ) = Y
×

.

There is a naturel bijection in Set
2-
✗ ✗Y

⇒ (E)
×

blq) -f : ✗ ✗Y→ Z ← a(f) = y : X → ZY
x- floc, _ )

In faut ✗ × - is left adjoint to Z
_

.

Inside '(
×
> map (X , Y ) .

We ask if this adjuration
is compatible with be compact - open topology :

When

do we here wop ( ✗ ✗Y
,
Z) = map ( X , map ( Y , Z) ) ?

This isn't aluap the case, we will impose restrictions



ÈfPË"bIeuy compact ,
ton er : mapcxi ) ✗X-Y

is continuous ( f ,
x ) 1- f- (x)

④ If Y is lovely compact , amp f- : ✗✗Y - Z is

continuous off a(f) :X - map H ,
Z) is continuous.

proofi_@WtUafcx3beopeninY.Snicefisunhhuous,
f-

'

(U) is am open neighbourhood of x . By assomption
✗ is bally compact , so there is x e K C f-

'

l u )
,

K compact , ie f- (K) C U .
We chose BCK

,
U) in

mp
(X
, Y ) and K as neighbourhood of x c-✗ .

er ( BCK
,
u) X K ) c U .

_Ëod of (fisc) in ei
'
- ( u )

.

④ Notice first that if f : ✗✗Y- Z is a map ,
Ken f- / ✗✗ y is also continuousfor any x c- ✗ .

Hence

acf ) : ✗→ ZY lards actually in map ( Y , Z)
x i- flxxY



Next show alf) is continuousby booking at theprimage
of BCL ,W ) for L CY copain W open in Z .

acf )
- '

( BCL
,
W ) ) = { x c- ✗ / flxx L ) c W }

.

Since W is open , f-
'

(W ) is
open in ✗ ✗Yad contains

✗ ✗ L
.
Lens chose an open subiet UXV for be product

topology in ✗ ✗Y
,
I clair we can assure it contains

x x L because L is compact.
We have show that

evey
x Ea (f5

'

( BCL
,
w )) admis

un peu neighborhood in this primage .

Lost part : Assume q :X - mep (YZ) is

continuous
. We prove b. (q) is continuons -

blq ) i ✗ ✗Y # map (Y , Z) ✗Y X Z

(x
, g) 1- ( q (x) , y ) 1- qlx) ( y )

so blq ) is continuous because
qx
1 is so

,
and

ev by ② as Y is Lovely Coronet . ☐



Lemma 1.6

be Hausdorff spaces , Then a subbasis for
map (✗ ✗Y , Z) is given by BCK ✗ L

,
W ) where

K compact in X
, L urpact in Y , W open in

Z.pro#LetACXxYbecopact
,
A-
✗
= *

✗
(A)

,

Ay = #y (A) are compact
( projections of a compact ). .

For | Ay
f c- BLA ,

W )
,
in principle

Ë"
.

f- # BLA✗ ✗ Ay , W ) ( %)

For
any (x , y ) c- A ,

la
/g) c- A××Ay☐nw)chose la / y ) E Uxxvy CD

( sine A-
✗ ✗ Ay is compact and Hausdorff ,

its normal and
we can separate (x , y

) from Re complement of f-
'

( w) ) .

Eren bettes we separate
'

x from the complement of Ux
and
y from tee complement of Vy so as to obtenir

xe UCUT aux ad
y c-VCJCVY .



The consort subspace Text cover A
,
we extract a

faite cover ti ✗Ji ,
1 tien

.

Tu

f- c- Btuixvi
,
W ) sure Tlixvi CA .

Finally f- c- À BTUIXJI ,w) . ☐
l'= 1-

Notice that al - ) seuls BCKXL, W ) to BCK ,
BCL

,
W ) )

Lemma 1.7

Ès Hausdorff mep.LY , 2- I is so
.

exercie

Lemonde
If Z is Hausdorff , B is a subbasis of in topology
then BCK

,B) for KCY compact from a
subbasis for tee compact - open Topology onnraply, Z)


