
Exercise sheet 5

Exercise 4.46.

Exercise 4.50. Suppose h ∈ rangeA, i.e. h = Au for some u ∈ Hµ. Then

∥h∥ν = sup
ℓ∈B∗

2

{ℓ(h) : Cν(ℓ, ℓ) ≤ 1}

= sup
ℓ∈B∗

2

{ℓ(Au) : Cµ(A
∗ℓ, A∗ℓ) ≤ 1}

= sup
ℓ∈B∗

2

{(A∗ℓ)u : Cµ(A
∗ℓ, A∗ℓ) ≤ 1}

≤ sup
k∈H∗

µ

{ku : Cµ(k, k) ≤ 1}

= sup
v∈Hµ

{⟨v, u⟩µ : ∥v∥µ ≤ 1} = ∥u∥µ.

(1)

Therefore ∥h∥ν ≤ infu∈Hµ
{∥u∥µ : Au = h} < ∞ and h ∈ Hν .

Exercise 4.57.

Exercise 4.64. Since A is a bounded linear operator and µ is a Gaussian measure on L2, A∗µ is a Gaussian measure
on H1,2

0 . Since H is R in our case, H′ is also R. Then by definition, Aξ(t) is a Wiener process if EAξ(t)Aξ(s) = s∧ t
for any t, s ∈ R:

EAξ(t)Aξ(s) = E ⟨ξ, I[0,t]⟩⟨ξ, I[0,s]⟩ = ⟨I[0,t], I[0,s]⟩ = s ∧ t. (2)

Therefore A∗µ is a Wiener measure on H1,2
0 .

Exercise 4.65. By definition, ξ can be realized as a measure in H−s iff F−1
[
(1 + |t|2)−s/2Fξ

]
∈ L2. We have

(1 + |ω|2)−s/2[Fξ](ω) = (1 + |ω|2)−s/2E e−iωT ξ = (1 + |ω|2)−s/2; (3)

F−1
[
(1 + |ω|2)−s/2Fξ

]
(x) =

1

2π

∫
Rd

eiω
T x(1 + |ω|2)−s/2 dω; (4)∫

Rd

(
F−1

[
(1 + |ω|2)−s/2Fξ

]
(x)

)2

dx =
1

4π2

∫
Rd

∫∫
Rd×Rd

ei(ω−ω′)T x(1 + |ω|2)−s/2(1 + |ω′|2)−s/2 dωdω′dx

=
1

4π2

∫
Rd

(1 + |ω|2)−s dω,

(5)

which is finite iff s > d/2.
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