Exercise sheet 5

Exercise 4.46.
Exercise 4.50. Suppose h € range A, i.e. h = Au for some v € H,,. Then
[h]l, = sup{£(h) : Cy(€, ) <1}
teB;

= sup {{(Au) : C, (A", A™() <1}

teBy

= sup {(A"Ou: C, (A", A) <1} (1)
teBy

< sup {ku: Cyu(k, k) <1}
kEH;,

= sup {{v,u)y : [[vllp < 1} = [lull-

veH,

Therefore [|Al|, < infyep, {[|ull,: Au=h} <ooand h € H,.

Exercise 4.57.

Exercise 4.64. Since A is a bounded linear operator and 1 is a Gaussian measure on L2, A*j is a Gaussian measure
on HS’Q. Since H is R in our case, H' is also R. Then by definition, A¢(¢) is a Wiener process if E AE(t)AE(s) = s At
for any t,s € R:

E A&(t)AL(s) = E (&, 110,9)(& Lj0,s) = (T[o,15 [[0,s)) = S A L. (2)

. . 1,2
Therefore A*y1 is a Wiener measure on H"".

Exercise 4.65. By definition, ¢ can be realized as a measure in H~* iff 71 [(1 + [¢|?)~%/2F¢] € L. We have

(14 [w]?) "2 [Fe ) = (1 + [w]?)"2Ee™™" ¢ = (1 + |w]?) /% (3)
Fr )R ) = o /R T (1 4 wf2) /2 (4)
- —s/ 2 _ i i(w—w)Tx —s/ /12\—s/ /
/Rd (F A+ B 2Fe| @) do= /R //Rdxw ¢ (14 w?)™/2(1 + |'[?) =/ dwds dee .

1
— 1 2\—s
oz [ )

which is finite iff s > d/2.



