Exercise sheet 1

Exercise 2.3. We are given the following equation:
Ou = Au —au + &, (1)

where u : Ry x R — R. Consider first the solution of the homogeneous equation d,u = Au — au:
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for some function U : R — R. When ¢ — 0+, we get u(0,2) = U(z). Therefore, in order to satisfy initial conditions,
we should take U(x) = ugp(x).
When £ is present, we get by variation of constants,

u(t,z) = Uly)dy = e~ “e®'[U](x) (2)

u(t,x) = e_ateAt[uo](a:) +/ e_a(t_s)eA(t_s)[f(s, () ds. (3)
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Define the covariance as C(s,t,x,y) = Eu(s, z)u(t,y). By translation invariance, C(s,t,z,y) = C(s,t,0,y — ).
Suppose ug = 0. In this case,
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Define G(z) = lim;_,o0 C(%,1,0,2). Then

We have

Therefore G(z) = G(0)e™v**, where G(0) = [ &~ dr.




Exercise 2.4 Recall how S§ acts on functions and distributions:
(SY)(t,x) = A f(N, Ax), (S36)(¢) = (557279, (7)

Recall the canonical embedding of a function f : R™ — R is a distribution acting as f(¢ f]Rn x) dz. What
we get for the canonical embedding of a function f : R*! — R is therefore
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As for T}, defined below, we perform similar calculations:
(Thf)(t,2) = f(t —he, 2 —he),  (ThE)(9) = E(T-n9). (9)
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Let & be space-time white noise. Its correlation function is given by E &(¢ fR f]Rd Y(t,x) dzdt. Let
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us check that S, * & has the same correlation function:

d+2 d+2

FO0)(Sy T W) = EE(Sy\F 0)e(S 3 )
— [ [ s oS F o)) doar
R JR4
:// A2t /A2 2/ N (/N2 o/ N) da dt
R JR4

E (S}

(1)

- / $(s, 9)(s, ) dy ds.
R JR4

j
Since both £(¢) and (S, 2 &)(¢) are centered Gaussians for any ¢, coincidence of their correlation functions
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implies that { and S, * ¢ have the same law. As for T}, one might check E (73,£)(¢)(Th€)(v) = E&(¢)€(v) with a
straightforward calculation.
Suppose now u, Tpu, and Sfu have the same law.

Sy (0w)(¢) = () (137 )
= (D) (A PH( /N2, /)
= —u(A"TPP00(- /A%, /) (12)
= —u(S;5 2 0i0)
= (S)\ )(=0:9) = u(—0,¢) = (Oyu)(9).



Similarly, Sf_z(Au)(qb) = (Sfu)(A@ = (Au)(¢). Therefore (0; — A)u has the same law as 55_2((5& — A)u). Similar
calculations give T}, (0:u)(¢) = (Oru)(¢) and Th(Au)(¢p) = (Au)(¢) meaning that (9 — A)u has the same law as
Th((0r — A)u).

Exercise 2.5 Let a € (0,1), f € C(R), and define (S{f)(z) = A" f(Az), (Tnf)(x) = f(z — h).
If f is a-Holder continuous then for any A € R, any A > 0, and any ¢ as described in the problem,
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which depends neither on h, nor on A or ¢.
Let us now prove the opposite implication. Define
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where (bn’z = 2n_1I[Z_2—n7Z+2—n].
Take z,y € Rsuch that 0 < [z —y| <1l and let A= |z —y| € (0,1], h = —y/X and z = (z — y) /X = sgu(z — y).
Then z = A(x — h) and y = —Ah. Therefore

|fn(2) = fu(y)| = ([, ¢n,z> —(f, ¢n,y>|
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Pick n = |—log, A] + 1. Assuming w.l.o.g. = 1, we arrive into
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= A ST S, ¢)| < CA%.



Take now m > n:
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Therefore |f(z) — f(y)| = limsup,,,_, o | fm(2) —
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A® = K|z — y|* which is a-Holder continuity.
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