Exercises Introduction to SPDEs

May 4, 2023

EXERCISE 6.19

Construct an example of a potential V such that the semigroup S from the previous example
is not strongly continuous by choosing it such that lim;_., [|S(#) || = +o0, even though each of
the operators S(¢) for ¢ > 0 is bounded! Hint: Choose V of the form
1 xX—c
— 3 n
Vi=x"-) W),

n>0

where W is an isolated ‘spike’ and {c,},en are suitably chosen constants.

SOLUTION:

Recall from the lecture that it suffices to find a potential such that for each ¢ > 0

Cri=sup(V(x)-V(x+1) (0.1)

xeR

is finite but at the same time C; — +ocoas t — 0.
We choose V as in the hint where

1-x on(0,1),
Wix)=<x+1 on(-1,0),
0 else.

and exhibit sequences ¢, such that the required properties are satisfied. Thus we find

5 3 X+t—cp xX—cn
V) -Vx+0=-3tx*+xt)—t>+ ) n W(— ) -W(

n>0

)

n-1

e Claim: If liminfn_,oo\j—"ﬁ = +oo and liminf,_.»(c, — cs—1) > 3, then C; < oo for every
te(0,1).



Indeed, note that for each n and ¢ € (0, 1) the function x — n (W (X&) — W (£4)) is

1 -1
supported on (¢, — 2, ¢, + 1) where it is bounded by 2n. Thus for x large enough and in

the support of x — W(“nt__f”) — W (=) for some 7, we find that

V) - Vx+8 S —tx*+2n < —t(cn —2)* +2n < +00
uniformly in 7.

¢ Next, let us evaluate for ¢ = % the difference at the point x; = ¢, — % We find for n large
enough

1
V(x)-V(x;+1) = —6tx; — 2 +n=-6—c2+n—-C
n
which converges to +oco as n — +o0o as soon as c2/n grows slower than n

Thus we conclude that one can choose ¢, = n® for a € (1/2,1).

EXERCISE 6.20

Show that 22, maps the space 63 (28) of continuous bounded functions from 28 to R into itself,
i.e. it has the Feller property.

SOLUTION:

We recall that 2,¢(x) = E [p(Ux(1))], where Uy (1) = S(8)x + fOt S(t—$)QdW(s).
Note that for a sequence x;, € % such that x,, — x for n — oo we have that for every ¢ > 0
almost surely Uy, (t) — Ux(#). Since ¢ is continuous and bounded, it follows by dominated
convergence that

Prp(xn) = Prp(x) .

EXERCISE 6.24

Show that if dx = Lxdt + QdW (1) has an invariant measure {o = A (0, [~ S($)QQ* S*(s)ds)
but there exists x € # such that limsup,_. . [S(t)x|| > 0, then one cannot have 26 — poo
weakly. In this sense, the statement of Proposition 6.23 is sharp.

SOLUTION:

Let u; be the law of f(fo S(H)QdW;. From the lecture we know that y; — po, weakly. Taking
fourier transforms, we find
9;635:68(”)6'@.

Thus 22/ 6 x — pieo would imply that 6/3(”\)6 — 1 pointwise (since the fourier transform of Gaus-
sian measures is non zero). Finally this would imply S(#)x — 0.



EXERCISE 6.25

Let % be the space of continuous functions ¢ : R — R with lim|y—~.¢(x) = 0 and ||¢|| =
sup, |¢(x)|. Let S be the semigroup on % given (S(#)¢)(x) = ¢(e'x). Show that even though
one has [|S(f)¢|l = ||¢]l for every ¢ > 0 and ¢ € %8, the only probability measure y on 28 such
that S(¢).u = puforall t > 0is given by u = §y.

SOLUTION:

Let ¢ € 48, then

f¢du=tlggf¢d8(t)*u
= }LrgOIS(t)¢du
= }LI&[(P(etx)du(x)
= f To(0)p(0)d p(x)

where we used dominated convergence in the last step. Thus u is a multiple of ;. Since it is
a probability measure, the claim follows.



