STRICHARTZ ESTIMATES

Our goal now is to deduce certain estimates for the linear Schrodinger and wave equation which will allow
us to significantly improve the local well-posedness established in lecture 5, and in fact even derive global
well-posedness results in a more general setting. These estimates, named after R. Strichartz who established
a special case, will be deduced separately for the Schrodinger case, where we dispose over better dispersive
estimates at this point, and then for the wave case. As we had already hinted at earlier in the course, the
essence behind these estimates is to use a kind of interpolation between the dispersive amplitude decay and

the energy conservation.

1. THE SCHRODINGER CASE

Recall that the homogeneous Schrodinger propagator is given in the form

Tf(t,z) = (2m) " / e+ E L fle) de.

n

Taking advantage of Lemma 2.1 from lecturel.pdf, we easily infer

Lemma 1.1. We have the estimate

HTf(t’ ')HL;C(RH) < (47T|t|)_% ’ HfHLl(]R")'

Proof. By density of S(R") in L'(R"), we may assume f € S(R"). Then we can easily write

ry [ e g ag

= 111101(277)—n . / e it +izE—elg? f(g) de¢

—lim [ Fal(e M) (y) - f(z—y) dy,

E,LO R

where Fr» denotes the Fourier transform on R™. Since we have

n
—at]€]2— 2 _te2 g2
et =elel® — T emited—=¢],
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we have

n
]_-R—nl (e,mg\hs\g\"‘)(y) — H]:R—l(efitfff

and lemma 2.1 from lecturel.pdf implies that

ngﬂg,} (e HIEF =€ () = (4mit) ™% -

which implies the lemma.

We next recall the L?-conservation, in the form

HTf(t’ ')HLg(Rn) = HfHLZ(Rn)’ teR.

We now use a well-known interpolation result, namely the Riesz-Thorin theorem, which we state here without

proof:
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Theorem 1.2. (Riesz-Thorin) Let 1 < po,p1,qo,q1 < 0o, and assume (X, ) is a measure space. Assume
that T is a linear operator defined on all simple functions on X and taking values in the measurable functions
on X, which satisfies

1T ()l oo (xy < Aol fllro ) 1T()lLar (x) < Arllfllzer (x)-
for all simple functions f. Then for any p € [po, p1], with % = z% + =% 9 < 0,1], we have

1-6
P1
IT(H)llze < AGAT°(If o,

; gl — 0 4 1=0
where q is defined via s = w T

We use this with pg = 1,p1 = 2, as well as ¢ = 00, ¢; = 2, and note that then p, g as determined by the
preceding theorem (with variable @ € [0,1]) will be Holder dual:
1 1
R
P q
Using furthermore Ag = C - [t|~%, A; = 1, we find
Proposition 1.3. For any p € [2, 0], letting p’ € [1,2] denote the Holder dual Lebesgue exponent, we have

1

ITF Az, < O 1T E -

Given that there is some temporal decay in the preceding estimate for p € (2, o], it is natural to integrate
this bound over time in a suitably weighted fashion. This is essentially the intuition behind the following
important
Theorem 1.4. Let ¢ > 2,00 > p > 2 and furthermore assume the sharp Strichartz admissibility condition

2 n n
(1.1) St—=-.

P oq 2
Then we have the bound

12 7 g gy < Coma [ ey
Remark 1.5. The condition (1.1) is in fact dictated by simple scaling considerations, replacing
Tf(t,x) =:u(t,x)
by
ux(t, ) == u(N2t, Az), A >0
and f(x) by fa(z) := f(Ax). Then we still have
(10 + A)ux = 0, ux(0,) = fr(-),
and the left and right hand sides of (1.2) scale the same way precisely when (1.1) is satisfied.

The proof of Theorem 1.4 relies on a reformulation, taking advantage of the dual operator T* which is
defined as follows: for any g € S(R!*") and f € S(R") we require

(Tf,9)2mitny = ([, T g) L2mry,
which implies that
T"g(a) = (2m) " / M (0, €) dedt,
R1+n,

In the sequel we shall assume 2 < p < 00, g > 2, since the case p = 00, q = 2 is already known to us. Then
we have

Lemma 1.6. The operator T extends to a bounded operator between L2(R™) and L} LL(R™) iff T* extends to
a bounded operator between LY LY (R'™) and L2(R™). Moreover, this is the case iff the composition T o T*
extends as a bounded operator between LY LY (RY™) and L¥L1(R'™).
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Proof. Note that for f,g € S(R'*"), we have
<f, To T*g>L2(R1+n) = <T*f7 T*g>L2(Rn)
and so

[ToT | ppe = sup  (fToT g re@un < sup  ||T"f|| 5z [[T79 12 gn-

HfHLfng/:l HfHLf,Lg,:l

which implies the boundedness of T'o T* as operator between L? ILg' (R'*7) and LYLI(R'*™) provided that
of T* is known.
Conversely, if we assume T o T™ is bounded, we have

* 2 * *
[ f||Lg(Rn) =[{(f,ToT"f)ra@i+n| < HfHL'f/Lg/ |[TeT fHLng

which implies the boundedness of T*.
Observe that the preceding argument furnishes the norm equality

7. = e
The first part of the lemma is standard. O

Thanks to the preceding lemma, the proof of the Theorem will follow once we can prove an a priori bound
for the operator

(1.3) ToT*g(t,:)=(2m)™" /]RlJr el (=D iz -g(s,&) déds.

when acting between the spaces Lf/Lg/ (R'*7") and LYLI(R'™™) with p,q satisfying the conditions of the
theorem.

This shall be a direct consequence of Proposition 1.3 in conjunction with the following version of the Sobolev
inequality in disguise, which is called Hardy-Littlewood-Sobolev inequality:

Proposition 1.7. Let 0 < o < 1 and define for f € S(R)

Uf(t) = / £ — 8|~ f(s) ds

Then we have

112z < Caw - 11l 3wy

provided we have ¢ > 1 and
1
——=1-a
p
We provide a quick proof for the case 1 < ¢ < 2, oo > p > 2, which will be the one relevant to us, based

on the fundamental theorem of Littlewood-Paley theory. First we observe

SN

Lemma 1.8. Setting for 0 < a <1

(

dt

_— e—ite
e ,

)(f) = MILHJ}OO RXmgM : W

we have

It

(It1=2) (&) = ca - €71

for a suitable constant c, € R.
Proof. We have for £ # 0

dt

— e—ite
—Q — i [
[t]=* (&) Yot RXlt\SM 7]

— €7 Tim g
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Ca * |§|—1+a
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e~ W
Co = | —dy
“ /R [yl

Proof. (Prop. 1.7,q < 2, 0o > p > 2) To begin with, recall from Cor. 3.3 from lecture3.pdf that

<O (S IRUNIEw)E.

LP(R) —

where we set

s

According to the preceding lemma, we have

AUT) = ca E{fﬂ o).

where v; is as in the definition of the multiplier P, in lecture3.pdf. Then we state

Lemma 1.9. If q,p satisfy % — % =1—«a, a€(0,1), as well as ¢ > 1, then we have for anyl € Z
1 i) 4
F Jeo)| <c|n :
H (‘ﬂl—a f(5)> LP(R) — H lfHLq(]R)

where C = C(a, p), and where F~' is the inverse Fourier transform.

Proof. The starting point is Young’s inequality, which we state as follows: letting

[rg(@)= [ flz—y) g9(y)dy,

Rn

then we have
1f +g]

provided 1 + % = % + % The proofs follows from the cases r = oo and r = p (Minkowski’s inequality) by

Lr@n) S ||fHLP(R") : HgHLq(Rn)

means of interpolation (Riesz-Thorin). Returning to the proof of the lemma, observe that

Vi (§)
€1

F )(y) =2 Ga(y),

where we have the bound

Ga()] € Cnam - (1+2'y) "N

for any N > 0. Hence
H20zl . Cl,aHLufl(Rn) S Doc,'ru

and the lemma follows from Young’s inequality. d

Continuing with the proof of the proposition, we now infer

(1.4) los] <o (1w

LP(R) —

To conclude we need one more

Lemma 1.10. Assume that 1 < g < 2. Then there is a universal constant Cy,, such that for each g € S(R™)
we have

1
(Z ||P19’|2Lq(w)) <Gy ||9HL‘1(]R")'
Iz
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Proof. This assertion is 'dual’ to the one of Cor. 3.3 in lecture3.pdf. Assume as we may that g is real valued.
Observe that (with % + % =1)

1
(O 1Pg)agn)® = sup fi- Pigda
IGZZ t (R ) El Hfl”ip(mn)gllezz Rn

e[S
R™

Zl H-fl‘lip(]]gn)gl v cZ

< sup P f g .
=, HfLHZLp(W)ng; [ogny 190 Loamy

where we have used Holder’s inequality in the last step. Setting f := )., P fi, we have

R
17 ey < € 1B N any)
l

< C- (Z Hfl||iP(R"))§’
l

where for the first inequality we have taken advantage of Cor. 3. 3. in lecture3.p df and the fact that p > 2.
The lemma follows.

The proof of the proposition (for ¢ < 2,p > 2) now follows from (1.4) and the preceding lemma.
We have all the tools to now complete the proof of Theorem 1.4:

Proof. (Theorem 1.4) Consider the composition
ToT*(g)
given in (1.3). From Prop. 1.3 we know that

|70 T*(9)(t, )| Lo gy < C- /]R [t =17 [l 1y oy s

provided we set
1 1
According to the admissibility conditions in the theorem, we have

2
O<a=-<1,

p

and so we can apply Prop. 1.7. Observing that

1 1 2

——-=1--=1-aq,

p p p
we find

HT oT (9)‘ LP LY R <Cpgn- HgHL;to/Lg/(RHn).

The theorem is then a consequence of Lemma 1.6. (|

Remark 1.11. The inequality is also true for p = 2,q = n2f2, n > 3. This so-called endpoint case is due to

Keel-Tao.

We also mention the following result, based on a technical lemma called the ’Christ-Kiselev lemma’, and
which allows one to infer boundedness of the Duhamel propagator:
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Theorem 1.12. Assume that (p,q) and (p,q) are Strichartz admissible in the sense of the preceding theorem.
Then we have the bound

LS L P

H /Ot S(t — )P (s, ) ds|

2. THE WAVE CASE

Here the situation is a bit more complicated as we cannot reduce the derivation of the required general
dispersive amplitude decay bound to the one dimensional case as was the case for the Schrodinger equation.
Instead, we shall have to derive the necessary bound from first principles, and more specifically from basic
harmonic analysis techniques. From now on we shall assume n > 2 throughout since else there is no dispersive
decay. Recall that the solution of the linear wave equation

Ou = (_att + A}Rn)u = O7 U[O] = (fvg)

is given by means of the Fourier formula

ulta) = (2m) 7 [ SO L) + gt de
(2.1) t L .
Fon [ oo g - L
We shall for now consider the frequency localized waves
woft ) = (2m) " [ w2 (Fie) + —g(e) de
R 2 il¢]
FEm e [ @O (fle) - a(e)] de
Rn 2 i€

where ¢ € C§°(R"™) is as in the definition of the Littlewood-Paley cutoffs and hence supported at || ~ 1. The
desired dispersive decay for this special case will follow from

Proposition 2.1. We have the estimate

n—

= HfHLl(]R")’

P(€)eMEFTE) . f(e) de S+t

The proof of this result shall be based on a stationary phase argument, and more specifically Van der
Corput’s lemma. To begin with, shall shall require the following basic fact due to M. Morse:

Lemma 2.2. Let f € C*(R"™) and assume that . € R™ is a critical point, i. e. Vf(z,) = 0. Moreover,
assume that this critical point is non-degenerate, in the sense that the Hessian
82
(8xi6xj F@)) <isen

is invertible. Then there exist neighborhoods U of x. and V of 0 as well as a diffeomorphism
v:V—=U
with ¥(0) = z. and such that (with ¢ = f(x.))

fouly) =c+ Y ruys,
j=1

where k; = £1.

We accept this fundamental result without proof. A next ingredient is the following equally important
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Lemma 2.3. Let ¢ € C°(R™) and consider the integral

F(\) = A Y(x) - e i w3 da, kj € {£1}.

Then we have the bound
IFN)|<C- A2
for A\>1 and some constant C' depending on n, .
Proof. Let x(x) € C§° a smooth non-negative function which equals 1 for |z| < 1, and write
F(A\) =F(\)+ Fa(\)
where
()= / x(|z] - V) (z) - e 251 RT3 dg.
Then we easily verify that

Fl(A)gcl./ dr < Cy- A%,
|a:|<\571

For F5, we perform integration by parts, using that

B n 1 ) n
T = (G 2 e e
l

where we set a = | 5] + 2. Tt follows that

FQ()\) — )\ /n A 2= KjTS (_ Zawzfil-flm)a{(l _ X("T‘ . \/X))qp@;)} dz.
l

It is directly verified(exercise!) that
[Fo(V)| < Cs- A%,

Combining the two preceding lemmas, we can infer the following

Lemma 2.4. Let ¢ € C®(R"), real valued, and assume x, € R™ is a non-degenerate critical point.

Y € C§°(R™) and assume that x, is the only critical point of ¢ on supp(y). Then we have the bound

| Y(x) - e dx’ <O\ %
R”L

provided X > 1.

Proof. Pick neighbourhoods U of z, and V of 0 € R™ such that the conclusion of Lemma 2.2 applies.

1 € C§°(R™) have support in U and write

U(z) - e do = Uy (x)p(z) - @) d
R™ R™

+ / n(1 — 1 (2)0(x) - 2@ dg,

Then changing variables for the first integral and interpreting « = z(y) as a function of y € V', we have

. . . n 2
G1(@)0(a) - N do = [ ((y) Pt gy,
Rn 1%
where we have denoted
ox

C(Y) = (z(y)y(x(y)) - oy

Let

Let
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Here g—‘; is the Jacobian, and so ¢ € C§°(V) C C§°(R™). We can then apply Lemma 2.3 to infer the desired

bound for the first integral on the right above. We conclude by observing the bound
’ (1 =1 (x)y(z) - e () da;’ < O\ N
Rn
for arbitrary N > 1, which follows by repeated integration by parts (exercise!). O

A consequence of the preceding development is the following key

Proposition 2.5. Let do, the surface measure on the sphere S"~1 C R™. Then we have

| e ldo,| < C-(1+[¢) 7.
Sn—l

Proof. Write

w= (W, wy), w € R"
where |w'|? + w2 = 1, also write

w-E=w - Fuw, &,
Working in a local coordinate chart (apply partition of unity), we may assume w, > ﬁ, and we reduce to
bounding

P(w') - el g Fwn-€n) g,
Rn—l

for a suitable function! v € C§°(B;(0)). Compared to the previous lemma, the role of X is played here by |¢|.
Note that if €

104/n’

&n] <
then /
w
§—— & #0,
Wn,
and integration by parts leads to decay to any power in |£|~!, better than what we need. On the other hand,

if |€,] > 1&%, setting

N . & &n
o) =g e (g

we have
—1 ¢t w’
Vo =[E]7(§ — —¢&),
Wn,
and so there is at most one critical point on the support of the integrand characterized by
wl, _ &
Win  &n

Furthermore, one easily checks that the Hessian
Varp(wl)
is non-degenerate(exercise!). The proposition is now a consequence of Lemma 2.4. O
Finally we can give the

Proof. (Prop. 2.1) It suffices to show that

n—1

Y& EFTO el < ¢ (14 [t)) "7 .

L
For this one distinguishes between two regions:

1Here B; (0) is the ball of radius 1 supported at the origin



STRICHARTZ ESTIMATES 9

(1): |z| 2 Using spherical coordinates write

(e dg = / / (g, w)e eIl el

and use the preceding proposition to conclude that

R™

[ wllew)eeIEn) gyl < €1+ Jal) =T < DO+ )T

S'n,—l

(2): |z| < % Here one uses integration by parts(exercise!) with respect to || to conclude the stronger bound
(for any N > 1)

| [ (e et=0 ag < on - (14 1)
Rn

O

We now have all the preparations to implement the TT*-argument for the frequency localized wave propa-
gator. Proceeding in identical fashion as for the Schrodinger case, we infer the following

Theorem 2.6. Letn >2 and co > q > 2, o0 > p > 2, and assume the sharp wave admissibility condition
2 n—-1 n-1
+ .

p q 2
Then denoting

Tof = | ()l FIEHF=O . f(e)de,

RTL
we have the bound

]

LPLQ - p,q,n ’ ||f||L2(R")

Remark 2.7. The result is also true in the endpoint case p = 2 expect when n = 3 (Keel-Tao). Furthermore,
the Christ-Kiselev lemma gives a variant for the inhomogeneous Duhamel propagator corresponding to 7.

The preceding result only applying to frequency ~ 1 functions, we still need to generalize things to the
general setting, which is straightforward with our preparations. To begin with, observe that if u(¢, x) is a free
wave supported at frequency & ~ A € 2%, then

t x
ux(t,z) :=u(—, -
A7) = u(5, 3)

is a free wave supported at frequency ~ 1. Thus we have the estimate (with fi(z) = f(5) the data in the
sense of T)

HUA’ <C- HfAHm(Rn)‘

LYLE
But simple scaling reasons yield
HUA ; Hf/\HLz(Rn) =A% HfHL2(Rn)'

We conclude that for a frequency A free wave, we have the bound

|«
where weset s =2 — = — 2
For a general free wave, Wthh is not supported at any particular dyadic frequency, introduce the space

|hLHLqu2(R"):::“(j£:||}ﬁﬂLHL§(R”))§
keZ

1
—APtE. Hu‘

LPLY LPLY

Ly

Then we can state
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Corollary 2.8. Let (p,q,n) be sharp wave Strichartz admissible. Then we have the estimate
n 1 n

HuHLquz(Rn) < Cp,q,n : HfHHg, § = B)

Proof. According to Minkowski’s inequality (using p > 2) and the preceding theorem we have

1
H(Z ||Pku||ig(w)) ’

1

P = (Z HPkuHifLZ(RHn)) ’
t kEZ

keZ
2 1
<C- (Z ||Pkf||HS(]Rn)) ’
kEeZ
<D- ||f||HS(]R")'
O
We note that the norm || - HBQ,Q(RH) is a Besov-type norm. However, we note that for 2 < ¢ < oo, thanks to

the fundamental theorem of Littlewood-Paley theory we have the following inequality

9/l oy < € - 191l oo geny:

and so a further consequence of the preceding corollary is the more standard type estimate

for sharp Strichartz admissible (p, ¢,n) and with ¢ < occ.

LP LI (R1+7) <C- HfHHS(R")

Finally, we make one more comment, namely that the sharp Srichartz admissibility condition may be
relaxed to the more general admissibility condition:

Corollary 2.9. Assume that 2 <p < 00, 2 < q < oo and the condition
2 n—-1 n-1
-+ < .
P q 2

Then the same conclusion as in the preceding corollary holds.

Proof. Given admissible (p, q) with
2 n—-1 n-1
=+ < :
P q 2
pick G € [2,00) such that (p,q) is sharp Strichartz wave admissible. Then use the fact that

ol gy < XD Jull

for a free wave supported at frequency A (remaining details left as exercise).



