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Exercise 9.1 (Wasserstein and LP-distances are not comparable). Let p € [1,00). Give an example
of two sequences of compactly supported nonnegative functions f,, g, € LP (Rd) with [ fn = f gn =1

for which, calling p, = L% vy, = g0Z? we have (give an example for each of the two scenarios):
i) Wy(pn,vn) — 0 and || fr, — gnllzr > € > 0.

i) Wp(tn,vn) > €>0and || fn — gnllzr — 0.

Solution: We work in dimension d = 1 for simplicity. Let us treat the two cases i) and ii)

separately.

i) For every n > 1 define

n—1

n—1

fnZQE 12 201, gn=22 Djajer 22y
. 2n’ 2n " 2n 7 2n
j=0 j=0

Then clearly [; fn = [ggn = 1 and ||fn — gullzr = 2. However, if T : R — R is a map

sending monotonically [22, 2t1) ¢o [22EL 2742

) for every j € {0,n — 1}, then:

p
Wl5n ' 902" < [ £,1T(a) ~ alPde < (;) o,
R

n

ii) For every n > 1 define

n—+1 n—1 n—1 n—+1

fn: on ﬂ[—n—l,—n}_}'wl[n,n-l-l]’ m ]l[—n—l,—n}_‘_ m ﬂ[m”‘i‘l}'

Notice that [, fn = [z gn =1 and

2
/ | fr — gn|Pdz = = =3 0.
R np
Take any transport map 7' from f,. 2! to g,.Z". Define Z := {x € [-n—1,—n]U[n,n+1]:
|T(x) — x| > 2n}. By definition of f,, and g,, we see immediately that .#!(Z) > 2/n. Hence,
for n > 2:

(2n)P~12(n — 1)

> 1.

/ T(2) — | fodr > ”—_1(2n)P$1(z) >
R 2n

Therefore, we have W, (f,,-£1, gn-21) > 1.




Exercise 9.2 (Convergence of p-Wasserstein distance as p | 1). Let u,v € P(R?) be a pair of

probability measures. Show that if u and v are supported on a compact set, then
lim Wp(:u'v v) =Wi(u,v).
pil

Show a counterexample to the previous statement if we drop the assumption that p and v are supported

on a compact set.

Hint: For the counterexample, set u = dp and find a measure v such that W (u,v) = oo if p > 1 and
Wi (u, v) is finite.

Solution: If u,v are compactly supported, then without loss of generality we can take Q) to

be compact. Observe that, on the one hand, using Holder’s inequality we have that for any

yel(wv),q=>p>1,

(/ |z — y!pdv(x,y)); < </ o — y‘qd,m’y))é

WP(N: V) < WQ(Mv V)'

from where we deduce

On the other hand, since |z — y|P < |z — y|diam(Q2)P~!, we have
Wh(p,v) < diam(Q)P Wy (i, v).

By the first inequality, W, (x, v) is bounded and monotone increasing in p > 1. In particular,

the limit as p | 1 exists, and by the second inequality it is equal to Wi (u,v).

o0

For the second part of the question suppose that y = dp and v = > CZ*”%(SQTL. We take C

n=1

o0
such that > 02*”$ =1. As aresult, for every 1 <p=1+¢

n=1

. ne 1
Wp(u,u):ZCQ 3=
n=1

but
= 1
Wi(p,v) = 5_1 Cﬁ < 0.

Exercise 9.3 (Convergence of p-Wasserstein distance as p T c0). Let u,v € P(Rd) be two compactly

supported probability measures. The co-Wasserstein distance between p and v is defined as
Woo(,v) 1= inf { |2 = yll o tur ) 7 € T 1) .

i) Prove that W,(i1,v) T Woo(,v) as p 1 co. Deduce that W, defines a distance on P (R?) :=
{,u € P(Rd) : o has compact support}.



ii) Give an example of ju,, u € P(R?) compactly supported in a common compact set for which

Wy (pen, pt) = 0 for every p € [1, 00),
Weo(ttn, pt) > € >0 for every n.

Solution:

i) As already noticed in the solution of the previous exercise, p-Wasserstein distances are
monotonically nondecreasing as p 1 oo. Therefore, given u,v € Poo(Rd), it only remains
to show that liminf; . W), (1, v) > We(u,v) for some sequence p; — oo. For this, take

optimal plans y; € I'(i, v) for the |z —y[Pi-cost. By weak compactness of I'(y, /), there exist

some v € I'(u, v) such that, up to extracting a subsequence, v; — v narrowly. Call

0= ||z — yl| Lo (maxra,y) = sup{|z —y| : (z,y) € suppy}.

Notice that £ > W (i, v).

Since p and v are compactly supported, £ < oo, and, being suppy compact, there exists

(z0,Y0) € suppy such that |z —y| = £.

Fix e > 0 and consider the open set
A= {(z,y) e R" x R?: |(z,y) - (z0,90)| < €}.

Owing to the fact that (zg,yo) is in the support of v and the weak convergence of 7; to 7,
we get that
lim infy;(A) > y(A) =:§ > 0.

j—o00

In particular,

1/p;
lim infW),. (i, ) > lim inf (/ ly — xpjd’y])
J]—00 A

j—00
> lim infry; (A)YP5 (0 — €) = (£ — e).
J—00

The conclusion comes from the arbitrariness of e.

ii) It is enough to take two distinct points z,y € R? and then choose x4 = &, and, for every

n>1,
n—1 1
0z + —0y.
n

Hn =

Exercise 9.4 (§). For every p € [1,00), show that (P,(R%),W,) is a Polish space (separable and

complete).

Hints: You can solve the exercise via the following steps:

i) For the separability, approximate each u € P,(R%) with finite sums of dirac deltas in rational

points and with rational coefficients.



ii) To prove completeness, take a Cauchy sequence {fi,}n>1 C Pp(RY) and argue as follows:

— For every k > 1 take an optimal v € I'(ug, pg+1). Use the disintegration Theorem to build

a sequence of measures 7, € P((R%)") with the following properties:

p;""n_lﬂ'n = Tp_1 for every n > 2,
p];k+17'rn = Y for every 1 < k < n.

Here p*J denotes the projection on the variables from i to j.

— Use Kolmogorov’s extension Theorem to find 7o, € P((R?)N) such that

L.,

jon "o =7, for every n > 1.

— Observe that the LP-space
X = LP(RHYN 750)

is complete. Assuming without loss of generality that Y Wy(pn, ftnt1) < 00, prove that
the coordinate functions p” : (RY)N — R form a Cauchy sequence in &, and deduce that
p" —pin X.

— Conclude that u, — i in (P,(RY), W), where i := pyme.



