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Exercise 11.1. Given a probability measure µ ∈ P1(Rd), let us denote by xµ ∈ Rd its barycenter

(that is, xµ :=
∫
xdµ(x)). Show that, for any pair of probability measures µ, ν ∈ P1(Rd) and any

p ≥ 1, it holds

Wp(µ, ν) ≥ |xµ − xν |.

In particular, among all measures with fixed barycenter x̄, which is one that minimizes theWp-distance

from a fixed delta δȳ?

Solution: Observe that, by Hölder’s inequality, for any p ≥ 1 we have, on the one hand

∫
R2d

|x− y|dγ(x, y) ≤
(∫

R2d

|x− y|pdγ(x, y)
) 1

p

.

On the other hand, we have∫
R2d

|x− y|dγ(x, y) ≥
∣∣∣∣∫

R2d

(x− y)dγ(x, y)

∣∣∣∣ = ∣∣∣∣∫
R2d

xdγ(x, y)−
∫
R2d

ydγ(x, y)

∣∣∣∣ = |xµ − xν |,

where in the last step we used that
∫
R2d xdγ(x, y) =

∫
Rd xdµ(x) = xµ. Taking the infimum among

transport plans γ we reach the desired result.

Finally, observe that when µ and ν are both deltas (µ = δxµ and ν = δxν ) the equality holds

for any p ≥ 1, so among measures with fixed barycenter, one that minimizes the distance to a

fixed delta is a delta.

Exercise 11.2. Given a probability measure µ ∈ Pp(Rd) and a point x0 ∈ Rd, compute Wp(µ, δx0).

Solution:

Claim: γ = µ⊗δx0 (indeed Γ(µ, δx0) = {µ⊗δx0}). To show the claim we compute γ(B), where

B = A1 × A2, A1 ⊆ Ω and A2 ⊆ Ω. It suffices to consider sets of this form since the σ-algebra A
on Ω× Ω is generated by these sets (indeed A is the smallest σ-algebra that contains these sets).

We distinguish two cases:

� x0 /∈ A2:

µ⊗ δx0(B) =

∫
B
d(µ⊗ δx0) =

∫
A1

∫
A2

dδx0dµ =

∫
A1

0 dµ = 0

We used Fubini in the second passage to separate the integral. For γ:
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γ(B) = γ(A1 ×A2) ≤ γ(Ω×A2) = δx0(A2) = 0

Since γ is a welldefined positive measure we can conclude γ(B) = 0, hence γ = µ⊗ δx0 .

� x0 ∈ A2:

γ(B) = γ(A1 ×A2) ≤ γ(A1 × Ω) = µ(A1) =

∫
A1

dµ =

∫
A1

1 dµ

=

∫
A1

∫
A2

dδx0dµ
Fubini
=

∫
B
d(µ⊗ δx0) = µ⊗ δx0(B)

Hence γ(B) ≤ µ⊗δx0(B). Consider now µ(Ω\A1) = 1−µ(A1). Following the same reasoning

as above: γ((Ω\A1)×A2) ≤ µ(Ω\A1) = µ⊗ δx0((Ω\A1)×A2). Therefore again by Fubini:

1− γ(A1 ×A2) = γ((Ω \A1)×A2) ≤ µ⊗ δx0((Ω \A1)×A2) = 1− µ⊗ δx0(A1 ×A2)

Now we can conclude the inverse inequality γ(B) ≥ µ⊗ δx0(B), which finishes the proof.

Now we can use the claim to compute Wp(µ, δx0):

Wp(µ, δx0) =

(∫
Ω2

|x− y|pdγ
) 1

p

=

(∫
Ω2

|x− y|pd(µ⊗ δx0)

) 1
p

Fubini
=

(∫
Ω

∫
Ω
|x− y|pdδx0(y)dµ(x)

) 1
p x0∈Ω=

(∫
Ω
|x− x0|pdµ(x)

) 1
p

= ∥x− x0∥µp

Where the norm of x− x0 is defined since µ ∈ Pp(Ω).

Exercise 11.3. Let f : Rd → R be a λ-Lipschitz function and let µ, ν ∈ P1(Rd). Prove that∫
Rd

fdµ−
∫
Rd

fdν ≤ λW1(µ, ν).

Solution:

λ ·W1(µ, ν)
γ optimal

=

∫
Ω×Ω

λ|x− y|dγ(x, y)
Lipschitz

≥
∫
Ω×Ω

|f(x)− f(y)|dγ(x, y)

≥
∫
Ω×Ω

(f(x)− f(y))dγ(x, y)
γ∈Γ(µ,ν)

=

∫
Ω
f(x)dµ(x)−

∫
Ω
f(y)dν(y).

Exercise 11.4. Let 1 ≤ p < ∞, and let µ, ν ∈ Pp(Rd). Consider a family of non-negative mollifiers

(ρε)ε>0 ⊂ C∞(Rd) such that

ρε(x) := ε−dρ
(x
ε

)
,

∫
Rd

ρ(x)dx = 1, mp
p(ρ) :=

∫
Rd

|x|pρ(x)dx < +∞.
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Then, if µε := µ ∗ ρε and νε := ν ∗ ρε1, show that

(i) Wp(µ, µε) ≤ εmp(ρ), and therefore, µε converges to µ in Pp(Rd) as ε ↓ 0.

(ii) Wp(µε, νε) ≤ Wp(µ, ν).

(iii) Wp(µε, νε) → Wp(µ, ν) as ε ↓ 0.

Solution: Let us show first (i). Let us consider the coupling γε ∈ Γ(µ, µε) defined by∫
Rd×Rd

φ(x, y)dγε(x, y) :=

∫
Rd×Rd

φ(x, y)ρε(y − x) dy dµ(x).

Notice that indeed γε ∈ Γ(µ, µε) since∫
Rd×Rd

ϕ(x)dγε(x, y) =

∫
Rd

ϕ(x)dµ(x),

and ∫
Rd×Rd

ϕ(y)dγε(x, y) =

∫
Rd

(ϕ ∗ ρε)(x)dµ(x) =
∫
Rd

ϕ(x)d(ρε ∗ µ)(x).

In particular, we have that

W p
p (µ, µε) ≤

∫
Rd×Rd

|x− y|pdγε(x, y) =
∫
Rd

(∫
Rd

|x− y|pρε(y − x) dy

)
dµ(x)

=

∫
Rd

∫
Rd

|z|pρε(z) dz dµ(x) = εp
∫
Rd

|z|pρ(z) dz

as we wanted to see.

For the second point, (ii), given any coupling γ ∈ Γ(µ, ν), let us define γε as∫
Rd×Rd

φ(x, y)dγε(x, y) :=

∫
Rd×Rd

∫
Rd

φ(x− z, y − z)ρε(z) dz dγ(x, y).

In particular, as before we can check that γε ∈ Γ(µε, νε):∫
Rd×Rd

ϕ(x)dγε(x, y) =

∫
Rd×Rd

(ϕ ∗ ρε)(x)dγ(x, y) =
∫
Rd

(ϕ ∗ ρε)(x)dµ(x) =
∫
Rd

ϕ(x)d(ρε ∗ µ)(x),

and the same holds for ν. Thus,

W p
p (µε, νε) ≤

∫
Rd×Rd

|x− y|pdγε(x, y) =
∫
Rd×Rd

∫
Rd

|x− y|pρε(z) dz dγ(x, y)

=

∫
Rd×Rd

|x− y|pdγ(x, y).

Taking now the infimum in γ ∈ Γ(µ, ν) we reach the desired result.

1The convolution of a measure µ with a smooth function ρ is the measure defined as follows:

µ ∗ ρ(A) :=

∫
A

∫
Rd

ρ(x− y)dµ(y)dx.
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Finally, for point (iii), we combine the previous two points with the triangular inequality.

Indeed,

Wp(µ, ν) ≤ Wp(µ, µε) +Wp(µε, νε) +Wp(νε, ν) ≤ 2εmp(ρ) +Wp(µε, νε).

That is,

Wp(µ, ν)− 2εmp(ρ) ≤ Wp(µε, νε) ≤ Wp(µ, ν)

and the desired result follows.
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