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Question 1: Specification testing and forecasting

Interpretation of the specification

1. They are the alternative speci�c constants. The parameter ASCcar

captures the mean of the di�erence of the error term of the car alter-

native and the error term of the Swissmetro alternative:

ASCcar = E[εcar,n − εSM,n] = E[εcar,n] − E[εSM,n].

The parameter ASCrail is similarly de�ned:

ASCrail = E[εrail,n − εSM,n] = E[εrail,n] − E[εSM,n].

2. The utilities are not observed. Only the choices are observed. There-

fore, it is not possible to identify the three constants. Only their

di�erence can be identi�ed. Therefore, one of them must be normal-

ized to 0. In this model, it has been decided to normalize the constant

of the Swissmetro alternative to 0.

3. The two parameters have a negative sign. It means that, when the

corresponding variable increases, the utility function decreases, and

so does the choice probability.

4. The terms βf,carfemalen and βf,railfemalen capture an interaction be-

tween the constants and the gender. It is meant to relax the hypothe-

sis that the constants are the same for all members of the population.

In this model, the constants are di�erent depending on gender. As

they interact with the constant, they must be normalized in the same

way as the constant, so that no such term appears in the Swissmetro

alternative.

5. If n is female, then femalen = 1, and the alternative speci�c constant

for car is

ASCcar + βf,carfemalen = ASCcar + βf,car = −0.461+ 0.309 = −0.152.

The alternative speci�c constant for rail is

ASCrail + βf,railfemalen = ASCrail + βf,rail = 0.0906− 1.23 = −1.14.
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6. If n is male, then femalen = 0, and the alternative speci�c constant

for car is

ASCcar + βf,carfemalen = ASCcar = −0.461.

The alternative speci�c constant for rail is

ASCrail + βf,railfemalen = ASCrail = 0.0906.

7. The speci�cation of the model is

Vcar,n = ASCcar + βccostcar,n + βttimecar,n + βm,carmalen,

Vrail,n = ASCrail + βccostrail,n + βttimerail,n + βm,railmalen,

VSM,n = βccostSM,n + βttimeSM,n.

The value of the coe�cients of the cost and time variables are exactly

the same as for model M1. The values of the constants, βm,car and

βm,rail are calculated using the values of the constants for each segment

calculated above.

If n is female, then malen = 0, and the alternative speci�c constant

for car is

ASCcar + βm,carmalen = ASCcar = −0.152.

The alternative speci�c constant for rail is

ASCrail + βm,railmalen = ASCrail = −1.14.

If n is male, then malen = 1, and the alternative speci�c constant for

car is

ASCcar + βm,carmalen = ASCcar + βm,car = −0.461.

Therefore,

βm,car = −0.461− (−0.152) = −0.309.

The alternative speci�c constant for rail is

ASCrail + βm,railmalen = ASCrail + βm,rail = 0.0906.

Therefore,

βm,rail = 1.23.

Therefore, we obtain the results in Table 1 on the following page
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ASCcar -0.152

ASCrail -1.14

βc -0.0108

βt -0.0125

βm,car -0.309

βm,rail 1.23

Table 1: Parameter estimates for M2

8. The speci�cation of the model is

Vcar,n = βf,carfemalen + βm,car(1− femalen) + βccostcar,n + βttimecar,n,

Vrail,n = βf,railfemalen + βm,rail(1− femalen) + βccostrail,n + βttimerail,n,

VSM,n = βccostSM,n + βttimeSM,n.

The value of βf,car, βm,car, βf,rail, βm,rail have been calculated above:

βf,car = −0.152,

βm,car = −0.461,

βf,rail = −1.14,

βm,rail = 0.0906.

The value of all the other parameters are the same as for model M1.

Note that the model can also be written as

Vcar,n = βm,car + (βf,car − βm,car)femalen + βccostcar,n + βttimecar,n,

Vrail,n = βm,rail + (βf,rail − βm,rail)femalen + βccostrail,n + βttimerail,n,

VSM,n = βccostSM,n + βttimeSM,n.

We see that the parameters βm,car and βm,rail in M3 correspond to

ASCcar and ASCrail in M1. The parameters βf,car and βf,rail in M1

correspond to (βf,car − βm,car) and (βf,rail − βm,rail) in M3.
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Testing

1. We say that a parameter is signi�cant when we can reject the null

hypothesis that its true value is equal to zero, which would mean

that the corresponding variable does not play any role in the model.

The corresponding test is a t-test. Note: the concept of \being sig-

ni�cant" is associated with a con�dence level. For instance, at

a 5% con�dence level, a coe�cient is not signi�cant when the

corresponding t-ratio in absolute value is lower than 1.96 (|t-

ratio| < 1.96) and, equivalently, when the corresponding p-value

is larger than 0.05 (|p-value| > 0.05). Note that, in speci�cation

testing, the concept of \being signi�cant" applies only when the

null hypothesis to be tested makes sense. Also, it is usually better

to apply higher con�dence levels than in classical hypothesis test-

ing, as \type II" errors (that is, speci�cation errors) are more

damaging than \type I" errors (that is, presence of an irrelevant

variable).

In the case of model M4, there are two coe�cients with a p-value

larger than 0.05: ASCcar and βt,car. However, we cannot declare them

\not signi�cant", as it does not make sense to test the null hypothesis

that they are equal to zero:

• The constant is capturing the di�erence of the mean of two error

terms. A true value of zero would mean that the means are

equal, which is not a relevant hypothesis to test in this context.

The fact that this di�erence is numerically close to zero has no

concrete behavioral meaning.

• The hypothesis that the coe�cient βt,car is equal to zero is equiv-

alent to assuming that the travel time variable does not play any

role in the model. This does not make sense, as travel time is a

key explanatory variable in transportation mode choice models.

The low t-test (or the high p-value) is a consequence of a high

standard error, probably due to a lack of variability in the data.

In this case, it is a sign that more (or better) data is needed.
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2. The likelihood ratio test can be used because modelM1 is a restricted

version of model M4. The null hypothesis is \the restricted model

M1 is the true model". Five linear restrictions must be applied to

M4 in order to obtain M1:

βGA,SM = βGA,rail = 0,

βt,car = βt,rail = βt,SM,

λ = 1.

3. The statistic for the likelihood ratio test is

−2(LR − LU) = −2(L1 − L4) = −2(−5187.983+ 4936.917) = 502.132.

Because there are �ve linear restrictions, we need to compare this

value with the 95% quantile of the χ2 distribution with �ve degrees

of freedom, which is 11.07. Indeed, if X follows a χ2 distribution with

�ve degrees of freedom, we have

Pr(X ≤ 11.07) = 0.95,

or, equivalently

Pr(X ≥ 11.07) = 0.05.

As the value of the test, 502.132, exceeds by far the threshold, we can

safely reject the null hypothesis at the 5% level of signi�cance, and

M4 is preferred to M1.

4. The fact that the marginal e�ect of travel cost in the utility varies

with travel cost means that the utility function is non linear in travel

cost. Therefore, we can replace the cost variable by any non linear

transformation of it. Note that the corresponding model is linear-in-

parameters, and the new variable is simply associated with a coe�-

cient, like in the original speci�cation.

5



Mathematical Modeling of Behavior

(2024-2025)

Michel Bierlaire.

TAs: Cloe Cortes, Pavel Ilinov, Evangelos Paschalidis, Anne-Val�erie Preto, Negar Rezvany

Mid-term wrap-up (correction) | November 12, 2024

As an example for M5, we consider a logarithmic transformation:

Vcar,n = · · ·+ β ′
cost ln(costcar,n) + . . .

Vrail,n = · · ·+ β ′
cost ln(costrail,n) + . . .

VSM,n = · · ·+ β ′
cost ln(costSM,n) + . . .

5. ComparingM4 andM5 cannot be done using a likelihood ratio test, as

no model is a restricted version of the other. We refer to this context

as testing \non nested hypotheses". Two tests can be performed:

(a) The Cox test consists in estimating a composite model such that

bothM4 andM5 are restricted versions of this model. Therefore,

likelihood ratio tests can be used to test M4 and M5 against the

composite model.

(b) To test the hypothesis that the true model isM4, say, the Davidson-

McKinnon J-test consists in �rst estimating the parameters of

M5, and in including the estimated value of each utility function

as an explanatory variable in the speci�cation of the correspond-

ing utility function of M4. If the hypothesis is true, this addi-

tional variable should not play any role, and its coe�cient should

not be signi�cantly di�erent from zero. A symmetric procedure

is applied to test the hypothesis that M5 is the true model.

For each of these tests, there are three possible outcomes:

• one of the two models is rejected, and we keep the other one,

• both models are rejected, and we investigate better models,

• no model is rejected, and we use an adjusted likelihood ratio

index to select among them (�ρ2, AIC or BIC).

6. The value of time associated with each alternative for model M5 is

calculated using the de�nition

VOTin =
∂Vin/∂timein
∂Vin/∂costin

.
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In the case of the logarithm speci�cation:

VOTrail,n(costrail,n) =
βtime,rail

β ′
cost

costrail,n

=
βtime,rail · costrail,n

β ′
cost

,

VOTSM,n(costSM,n) =
βtime,SM

β ′
cost

costSM,n

=
βtime,SM · costSM,n

β ′
cost

,

VOTcar,n(costcar,n, timecar,n) =
βtime,cartimeλ−1

car,n

β ′
cost

costcar,n

=
βtime,cartimeλ−1

car,n · costcar,n
β ′
cost

.

The value of time VOTin represents the price (in CHF in this case)

that individual n is willing to pay to save one unit (minute in this

case) of travel time with alternative i.
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