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Exercise 1. Suppose that 7 is a triangulation of a domain Q C R? and that V}, € H'() is
the first-order finite element space with respect to that triangulation. Show that there exists
a constant C' > 0 such that for every vertex x of the triangulation and every v € Vj,:

[o(x)| < Ch™H vl L2
Here, h is the maximum diameter of the cells.

Exercise 2. The so-called barycentric coordinates are a popular tool in finite element
methods. Consider the reference triangle K with vertices 99 = (0,0)7, o1 = (1,0)7 and
d3 = (0,1)7, as sketched in the lecture / lecture notes. The barycentric coordinates are linear
functions 5\0, 5\1, A2 that satisfy )

)\Z’ (Uj) = (5”
(In other words, they coincide with the hat functions.)

1. Check that \g =1 — 2 —y, Ay = z, and Ay = y on the reference triangle. Show that for
any point © € K we have

b= Ao(v)Do + A1 ()01 + Ao(v)Do.

(This is why they are called ”coordinates”.)

2. Show that a basis of P(K) is given by
AoAo, AoAr, Aoz, Aidr, Ada, Asdo.

Exercise 3. A general definition of the p-th order polynomial space Pp(f( ) over K is the
space of p-th order polynomials with canonical basis {23’ |i + j < p}, where we define

N, :=dim PP(K). Let X = (0, %, %, cee %, 1). A particularly useful FEM basis for this space

is the basis {(51, .. .,éNp} that satisfies qgi(ﬁj) = 0,5, where p; € {(Z,7) € X xX |24+ 9 <1}
: 2 2+3p+2
1. Show that Nj, := dim P,(K) = B2,

2. Derive a linear system of equations to find the weights {a;} of b; = > ik @ik #IgF given
that (f)z(ﬁ]) = 51]

3. On moodle you will fine the python template code_04_03_template.py which you can
use to implement an algorithm capable of finding the a;; of each ¢;.



Exercise 4. [Building local stiffness and mass matrices] We use reference transformations to
compute the local matrices over triangles.

1. Compute the local stiffness matrix for an arbitrary triangle K

(AZOC’K) g = / Vi - V,dxdy, 1,7=1,2,3
2, K

where ¢;, ¢; are the P; Lagrange basis functions in 2D.
Hint: derive expressions for the linear map

K

F - K
T Brz + by

%
—
where K is the reference element and Bx € R**? and bxg € R?>*Y. Then compute the

local matriz A by recasting the integral over the reference element, as discussed in
the lecture. Note that the ¢; and their local counterparts have a constant gradient !

2. Compute the local mass matrix for an arbitrary triangle K

(o) = [ igjdndy, ij=1.23
(2% K

where ¢;, ¢; are the Lagrange basis functions, by recasting the integral over the refer-
ence element.

3. Implement this as a Python code to assemble the full matrices. On Moodle, you find
Python codes mesh.py and code_04_04_template.py. The file mesh.py provides you
with a ready-to-go mesh class that you can use. E] The file code_04_04_template.py
provides you two functions: stiffness matrix and mass matrix. You can complete
these functions. These take a mesh as input and produce the respective matrices.

4. In the file code_04_04_template.py you also find the method load vector. Implement
this function to compute the load vector in the case of a piecewise constant right hand
side. The function takes as input: the mesh, and the constant value F' of the right-hand
side.

!This library relies on pygmsh, which should be easy to install with the command pip install pygmsh.
To use the code you do not need to understand the mesh.py, util.py and solve.py files in detalil.
Everything is explained in the template script. Once you have finalised your implementation, you may
run the script and it will plot a mesh and the solution of reaction-diffusion benchmark problem for you making
use of the implemented matrices.



