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Exercise 1. [The MINI Element for the steady Stokes problem]

e Consider the Stokes problem:

-Au+Vp =f in Q,
V-u =0 in €,
u =0 on 0f).

Write the variational formulation.

e If you replace the Hilbert spaces with finite dimensional spaces V}, for v and @y for p;
then the discrete problem takes the form of the following linear system:

A BT\ (U\ _(F
B 0 P) \0)’
To what corresponds the matrices A and B 7

e Let 75, be a conforming triangulation of Q C R2. For each triangle T' € Ty, define the
bubble function:

br(x) = A (z)A2(2) Az (),
where \;(x) are the barycentric coordinates on T'.

Define the velocity and pressure spaces as:

Vi, = {uy, € [HE()) : wy|p € [PY(T) @ span(br)]?, VT € Ti }
Qn="{an € L(NC°(Q) : q|p € PH(T), VT € Tp}.

Prove that with this choice of V} and @} (known as the MINI Element), the matrix
B € RM*N has full rank.

Note that: dim(V},) = #Vo + #1T = N > dim(Qp) = #V — 1 = M, where

— #V is the total number of vertices in 7.
— #Vp is the number of interior vertices.

— #T is the number of triangles in 7y,.

NB. For further details, see the book by Boffi, Brezzi and Fortin.



Solution:

o We seeku eV :=[HHQ)? and p € Q := L3(Q) such that:

/Vu:Vvdx—/pV-vdxz/fmdx Yv €V,
Q Q Q-

/qV-udx:O Vg € Q.
Q

o Let V), CV and Qp C @ be finite-dimensional subspaces. The discrete problem takes

() (5)- ().

- Ay = fQ Vo, : Vo, dx corresponds to the stiffness matrixz for the velocity space Vy,,

where:

— Bjj = — fQ V; V - ¢ dx represents the discretization of the divergence operator,
— F; = [o [ - ¢idx is the load vector.

Here, {¢;} is a basis for Vi, and {1;} is a basis for Qp.

o We want to prove that the matriz B has full rank. This is needed to show that the
discrete inf-sup (Ladyzhenskaya—Babuska—Brezzi) condition holds for the pair (Vi,, Q).
That is, there exists a constant 5 > 0, independent of h, such that:

inf —fQ anV - vy do

2 €Qn\{0} v, eV, \ {0} lopllzllanllz: —

A sufficient condition for B to have full rank is to show that Vqp, € Qn, Jv;, € V, such
that:

/th'vhdﬂﬁ?ﬁo-
Q

Integration by parts gives:

—/th'vhdUCZ/Uh'Vthﬂf— Up * N G-
Q Q aQ‘-yO-’

Since qy, is continuous and piecewise linear on Ty, we have Vap|r € [Po(T)]%.

Now, let us construct a test function v; € Vj supported in each triangle T using the

bubble function by (z) = Ai(x)A2(x)A3(x).
Define, for a fized triangle T, the local function:

v} = br Va|r.

Note that y}f € [bT)? and vanishes on OT, so yf e V.

Then:

/ vl -V, dr = |th|2/ br dr >0  since Vqy is constant on T.
T T
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To construct a global function, define:

v (@) = Y o (@),

TeT,

This function is in Vi, because each vl is supported on T and belongs to [PY(T) &
span(br)]?.
Now :

/vh-thdx: Z /’Uz;-thd:L‘: Z |th|2/bT(fL‘)da?.
Q T T

TeTh TeTh

Since each term in the sum is non-negative and at least one term is strictly positive
whenever qn, # 0, we conclude:

/vh-v%daz#o.
Q

This proves that B has full rank for the MINI Element.



