
 

Lecture 8 Asymptotic stability

We consider the d dimensional SDE

dXe blxe that she t dBe ts to Xt ER

and assume that b 5 satisfy any of the assumptions
global Lipschitz local lipselitz linear growth Sound or monotonict

condition that guarantee existence and uniqueness of a

solution for all times t to with all moments sounded

To highlight the dependence on the initial condition we will

use sometimes the notation XE We further assume that
b o t 0 5 0 t o t t

Hence Xt 0 is a solution the trivial solution

We want To study the stability of the trivial solution

So the stochastin setting several notions of stability can be

introduced We focus in particular on the notion of asymptotic
stability by which we expect solutions starting from Xo close to

To converge in some sense to 0 as t 00

Ét trivial solution is said to be stochastically asymptotically
stable if for any ee all there exists So fofe.to sos.t

P 11 o 1 E

whenever 1 01 So
ii the trivial solution is said to be stochastically asymptotically
stable in the large if for any xoerd

1 0 d s

it is almost surely exponentially stable if moreover

feb 1 log x t e o a s



iii the trivial solution is said to be mean square stable

if lis ET IX A 0

and exponentially mean square stable if
life I log ELIX I e 0

A similar definition holds for pthmoment stability with P 2

let us consider a model problem of a linear our dimensional

SDE driven by an in dimensional Brownian motion

dXt µ Xedt E fixedBit to to Xt to CD

with M 52 5m EIR

the solution is given by
XÉ xo exp µ 1Eur E to É ri BE BE

to exp m Eirit t tot IT eri
Be BÉl

taking the logarithm
log Xᵗe I log xol fu Er t t.lt EE ri BI BY

Recalling the law of iterated logarithms

119 LIFE t.EE sat sa.s

we see that Guy 1 BE Be o d s i 1 M hence

fig I log xᵗe µ 1 Eit d s

We then conclude that 111 is stochastically asymptotically
stable in the large actually exponentially stable if

µ 1 Eiri e 0

We can also easily analyze the mean square statiery of 11
We have



ET XᵗE 12 1 012 exp 2 µ 120,4 t t.ly eTe2rilBt Bill

1 01 exp 2 1 Er e to It e sit to
1 012exp 2 M Σ 5 t tot

from which we conclude that i is Aexponentially mean square
stable if M Σ O e o

Summarizing
Xt o is exponentially asympt stable M Eir 20

o is exponentially mean square siable Mt E it

Notice that the condition for mean square stability is
stronger than that for asymptotic stability this is often the
case although the implication is not always true

For more complex SDEs for which we don't have an explicit
expression of the solution a convenient way To analyze the

stability of the trivial solution is by means of a Lyapunov
function We recall some sufficient conditions for stability
involving a Lyapunov function

theorems Assume that there exists a function Ve C R Ho 1 Rt
and constants p o c so GEIR 5330 sit x o to to

CLIX P E V x t

Lev Hitt e cavexity

I btfx.tl DV at is Ulxit

then liysyp I log1 1 EE a s

Hence Xt o is exponentially stable if C 222



Yu the previous theorem Lt is the generator associated

to the SDE

Le V KH b A RULAH 5 HOTHA VK.tt

theorez Assume that there is a function Vec ikdxito.at IR 1

and constants Cs Cs 1270 s t x o t to

Cy XIP VK.tl IP
Lev Hitt 12 Unit

then TAX IT ix up e
alt tot

hence Xt o is pth moment exponentially stable for c so

Wemention also that under the monotonicity type assumption
on b r xtblx.tl 115144112 E k 1 12 xerd tz to

for some k so then exponential mean square pth moment stability
implies exponential asymptotic stability

Lu squartdasygeniability_of micathemes
We now consider a numerical approximation of the SPE

dXt 8 hit at 8 it dBt thto to to

by a suitable numerical scheme that produces the sequence
343 where Yu Xen the toth BE

Assuming that the Trivial solution is mean square
asymptotically stable we may ask the question whether

the numerical solution preserves this stability property i e

whether his ETHYall o mean square stability

or align Yal o d s asymptotic stability



We restrict the study to the model profen analyzed
earlier of a scalar one dimensional SDE with m

de µ Xe olt 5 tolbe

for which we know that

Xe o is mean square stable iff µ 52 0

asymptotically stable iff n 10 e 0

and focus on the stochastic 0 method

Yut Yn OMynt d dMyn At 54hBBn h 0,1

assuming 1 Oust 0

Mean quarelity
We have Yutt get 1 11 01MAt 5DBn Yn

hence ET YI
p ya ETA

AMat rDBn ET 4m

ETYN

The scheme is therefore mean square stable iff
t s

1 11 0 mat 11 oust e 5 At

MAE 2 11 20Mat e 5 At

11 20 µ at e 2M 52 2 µ 102

We dualyze separately the 3 cases Otto ll 0 1 2 OE k

detail Dte

hence if the SDE is MS stable I Mt here 0 then the

O method is condtually Ms stable for step



On the other hand if the SDE is MS unstable the D method

is also MS unstable for day At

let Stu y At02
SDE stasiety region ye ax.FIfIItffnO method stab region ye 11201

2 2x

D 1 2 SDE MS stable Omethod MS stable at 0

SDE MS unstable O method as unstable St 20

SDE stat region y e 2x

Omethodsias region ye 2x L

y
De l 2 1 SDE MS stable 0method MS staff At so

SDE MS unstable methodstable for Dt 2
44

ᵗᵈ 8 8
omethodstas.regonyeco YX ax tthpyf.it

Asympteability
We recall the scheme Yn Bu Yn VnYa

with Un NC t.fi y
Hence Yn Ii Vi xo Taking logarithms

log Yul log x.lt ElogIvil



let Zi log Vil Since Zi are in'd for i d n t send

Elzil ex by the strong law of large numbers

1 Σ Z ETZ and

491 1 log Yat leg 1lgtx.lt1Éjlog Vil Etz a s

Hence if ETZ flog 11 511 o then in o

and the O method is asymptotically stable

if ETZ o then l'm Yul x and the O method is

asymptotically unstable

the stability region D x y E log 1 17 531 o 3 may

can be computed emerically

For 0 1
fritt

y

For D 0
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