MATH-449 - Biostatistics
EPFL, Spring 2025
Problem Set 10

1. In this exercise we use data from a study of an intrauterine device (IUD) for prevention
[A. V. Peterson, 1975]. One hundred women participated in the study and were followed for a
maximum of 300 days. For each woman, the number of days from the insertion of the device
to the first of the following events were recorded:

(i) The IUD is expelled
(ii) The IUD is removed (for personal or medical reasons)

(iii) The woman is lost to follow-up (censoring)

The recorded times of these events are given in the table below:

IUD expelled IUD removed Censoring

2 14 86
8 21 203
10 27 207
25 40
28 42
28 92
32 110
63 147
86 148
158 165
166
178
183
272
272
288
288
288
297

(a) Describe the competing risks in this situation.

(b) Compute and plot the Nelson-Aalen estimates Agp(t) for the cumulative cause-specific
hazard rates for causes h = 1,2 and interpret the plots. (Use R)

(¢c) Calculate and plot the cumulative incidence functions Py, (0,t) for causes h = 1,2 and
interpret the plots.

(d) Discuss the interpretation of the estimates in (b) and (c).

2. Let N(t) be a counting process that satisfies the multiplicative intensity model such that the
intensity A(t) = a(t)Z(t), where a(t) is a hazard function and Z(t) = Sr I(T; > t) is a
(left-continuous and adapted) predictable process that does not depend on «(t). Consider the
null hypothesis

a(t) = ap(t) for all ¢ € [0, 7],
where «g(t) is a known function. You will now derive a test for this null hypothesis.

() Let J(t) = I(Z(t) > 0) and H(t) = [y 73dN(s), and define H(t) = [ J{ ds.

Show that H — H{ is a mean zero martmgale when the null hypothes1s is true.




(b) Find an expression for the predictable variation process of H-— H{ when the null hypoth-
esis is true. Hint: The expression will include J(¢), Z(t) and ao(t).

(¢) Consider
Qr) = [ L) (s) ~ aty (o),

where L(t) is a nonnegative predictable process that takes the value 0 whenever Z(t) = 0.
Show that Q(7) is a mean zero martingale when the null hypothesis is true (when con-
sidered as a process in 7), and explain why it is reasonable to use Q(7) as a test statistic.

(d) Show that

Q)= [ Sl

when the null hypothesis holds true, and explain why this is predictable variation process
is an unbiased estimator for the variance of Q(7) under the null hypothesis.

(e) Give a brief argument why the test statistic Q(7)/+/(Q)(7) is approximately standard
normally distributed when the null hypothesis holds true.

(f) Onme possible choice of weight process is L(t) = Z(t). The test that is obtained by using
this weight process is called the one-sample log-rank test. Show that, for the one-sample
log-rank test, Q(r) = N(r) — E(7), where E() = [] Z(s)ao(s)ds. Explain why E(r)
can be interpreted as (an estimate of) the expected number of events under the null
hypothesis.

(¢) Show that the standardized version of the one-sample log-rank statistic takes the form
N(r)—E(r)

vV E(T)

3. Read! the paper by Greenland and colleagues [Greenland et al., 2016] who described 25 com-
mon misinterpretations of p-values. Now read the abstract of a study conducted by [Sharma
et al., 2017], which compared 3 groups of men with low testosterone levels:

e Group 1 received testosterone replacement therapy (TRT) resulting in normalization of
testosterone levels

e Group 2 received TRT not resulting in normalization of testosterone levels

e Group 3 did not receive TRT

Consider the conclusion of the abstract. Does the text reflect any of the following misinter-
pretations discussed in Greenland et al?

(a) Misinterpretation #1
(b) Misinterpretation #4
(¢) Misinterpretation #12

(d) Misinterpretation #13
Why or why not? (1-2 sentences for each answer)

4. Counsider an empirical study that reported a 95% confidence interval (CI). The principal investi-
gator is confused about how to interpret this interval. State whether the following propositions
are true or false.

(a) The probability that the 95% CI from our study includes the true parameter is 95%.

(b) If we repeat our study in many random samples from the same population, the 95% CI
will include the true parameter in 95% of the samples.

IThe required readings have been uploaded to Moodle alongside the current Exercise Sheet.



(c) If we published a hundred studies, at the end of our career we expect that, the 95% CI
included the true parameter in 95% of our studies.

(d) The p-value for the null hypothesis is the probability that the test hypothesis is true.

(e) The p-value for the null hypothesis is the probability that chance alone produced the
observed association.

(f) The p-value for the null hypothesis is the probability of obtaining an estimate at least as
far from the null as the estimate we have obtained.
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