Multivariate Statistics — Spring 2025
Solutions

Prof. Victor Panaretos
TA: Leonardo Santoro leonardo.santoro@epfl.ch

Solution [1l 1. Any eigenvector v must satisfy Av = Qu for some A € R. Since any projection is
idempotent, we apply Q on both sides and obtain:

A2 = Qu = M.
which can only be true if A is 0 or 1.

2. Note that v = Qu is the projection of v onto the subspace defined by the range of @, while w =
(I — Q)v is the projection of v onto the orthogonal complement of the range of @, corresponding
to its null space. Suppose there exists another pair of vectors v’ and w’ such that v = v’ + w’
and v’ = Qu and v’ = (I — Q)v. Note however Q(u’ — u) = 0, so that v’ — u € ker(Q) while
u,u’ € range(Q), so that it need be u = «’, and similarly for w, w’.

3. By the above, any vector u may be (uniquely) decomposed as v +w with v € V and w € V*.
Since P, Q are projections onto V, Qu = Pv = v, while Qw = Pw = 0, yielding the claim.

4. Note that Q, is idempotent. Indeed:
Qlw=Q, (v w)v/(v'v)) = (v w) - (v v)/(v v)v = (v w)v = Quu.
Furthermore, it is symmetric:
(Quw)"u = %(va)vTu =w' Quu.
vl
This proves that Q, is indeed a projection. To conclude that it corresponds to the projection

onto the span of v we may use the part 3.

Solution [2 1. Denote the SVD of A as A = UXV'", where U is an orthogonal matrix, ¥ is a
diagonal matrix containing the singular values of A, and V is an orthogonal matrix.

Since A is assumed to be invertible, it means that all the singular values in ¥ are non-zero.
Therefore, ¥ can be inverted by taking the reciprocal of each non-zero singular value:

Now, the inverse of A can be expressed using the SVD as:

Al =vx-tyT
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2. The determinant of A can be expressed in terms of its SVD as:

det(A) = det(ULVT) = det(U) det(X) det(V) ")
Since U and V are orthogonal matrices, their determinants are either 1 or —1. Hence, we have:

| det(A)| = [det (%)

Now, the determinant of a diagonal matrix is the product of its diagonal elements. Therefore,
we have:

| det(D)| =[] o
i=1
where o; are the singular values of A.
3. Let us consider the SVD decomposition A = UXV ", where:

e the singular values are equal to the square roots of the eigenvalues of AAT (or, equivalently,
ATA).
e the right singular vectors (columns of V') are eigenvectors of ATA.
e the left singular vectors (columns of U) are eigenvectors of AAT.
If A is real symmetric then (spectral theorem) it has at least one eigendecomposition A = QAQT,
and its singular values are the absolute values of its eigenvalues. Furthermore, in such case, both
the right and left singular vectors (columns of V and U ) are eigenvectors of A2 = QA%2QT, so

they are both eigenvectors of A, and thus equal to vectors in @ up to sign. Therefore, if A is real
symmetric and positive definite, 3 is a diagonal matrix containing the eigenvalues, and U = V.

Note that this argument fails if A is only semi-positive definite! Indeed, in this case,the part of U
and V corresponding to the zero eigenvalues can be any orthonormal decomposition of the null
space of A, with sign flips allowed independently on U and V.

Solution Let us consider the eigenvalue decomposition of P — Q:
P-Q=VAVT

where V' is the matrix of eigenvectors and A is a diagonal matrix of eigenvalues of P — Q. Since P — Q
is positive definite, all eigenvalues of P — Q are positive. Therefore, all the diagonal elements of A are
positive. Now let us consider the trace of P — Q:

tr(P — Q) = tr(VAV)
Using the cyclical property of trace, tr(ABC) = tr(CAB), we can rewrite the above expression as:
tr(P— Q) = tr(V'VA) = tr(A)

Since A is a diagonal matrix, the trace of A is the sum of its diagonal elements, which are the eigenvalues
of P — Q. Therefore, tr(P — Q) = >_ \;, where \; are the eigenvalues of P — Q. Since all eigenvalues of
P — Q are positive, > A; is positive. Furthermore, by linearity of the trace:

tr(P) —tr(Q) =tr(P—-Q) >0
and hence tr(P) > tr(Q).

Solution [4l 1. AT = (PTP)T = PTP = A, which shows symmetry; furthermore, for any vector v,
we have v Av = v!PTPv = ||Pv||? > 0.

2. If Av = Av, then multiplying both sides by vT we obtain: A = ||Pv]||2/|v||? > 0.
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3. By the spectral theorem, we may write A = Y7, A\ju;u .We denote B = >, 1/\uwul. We
need to show that:

e BAB=B
e ABA=A

We prove the first equation — the second is shown almost identically.

BAB = (Z W ) ZA uju,; (Z ukuk>

Since each u;u; is the orthogonal projectors onto u; and the u; are linearly independent — because
eigenvectors correspondlng to different eigenvalues — we have that uluTu] = d;;u4, so that it is
easy to see that the above product can be reduced to Zz 1 )\ Uu; u =B.

Solution [EL
arg min |[XA — B||% = argmin (XA — B,XA — B)p
X XXT =l X XXT =l
= argmin [XA[|: + [[B|[F — 2(XA, B)
X i XXT =l
= argmin |A|% + [|B|% — 2(XA, B)r
X XXT =
= arg max(XA,B)p

X XXT=I

= arg max <X BAT>
Xt XXT =l

= arg max <X UEVT>F
X XXT =l

= arg max <U XV E>F
X : XXT =l

= argmax(U "XV, %)
X i XXT =l

The matrix UTXV is an orthogonal matrix, (as it is a product of orthogonal matrices). Therefore,
the expression is maximised when this product equals the identity, i.e. when X = UV . Indeed, if D
is diagonal and W is orthogonal, then:

<VV, D> = tI‘(DW) = Z GZTDW& = Z einZ- = Z ZaijeiTDej = Z aiiD”
% i i g i

where e; is some orthogonal basis, and f; = We; = > ; ij€; another orthogonal basis; observing that
|ai;] <1 and is maximised (equal to 1) only when f; = e;, i.e. when W is the identity, we conclude.

Solution [6] Solution in Python and R: see this GitHub link.
Solution [7. 1. We first show linearity, wlog in the first argument. The (k, [)-th block of (A+B)®C
is
(A + B)MC = (Akl + Bk:l) C
= Ay C + B C

We then show associativity. Let A be K x L, B be M x N and C be O x P. Let us first study
the structure of (A ® B) ® C. The product Ay;By,y, is the

((k—1)M +m, (Il —1)N +n)-th
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entry of A® B. As a consequence, the product (Ag;Bumn) Cop is the
((k=1)M+m—-1)0+o0,(I-1)N+n—1)P + p)-th

entry of (A ® B) ® C. Let us now study the structure of A ® (B ® C). The product B,,,C,), is
the
((m=1)O +o0,(n —1)P + p)-th

entry of B® C. Therefore, the product Ag; (BmnCop) is the entry of A® (B ® C) that occupies
position
(k—=1)MO+ (m—-1)0+o0,(I-=1)NP+ (n—1)P + p)

=(((k= )M +m —1)0+o0,((l—1)N +n — 1)P + p)

Thus, the product A B, Cop occupies the same position in (A® B) ® C and in A® (B® C)
for every k,l, m,n,o and p. Therefore,

(AB)@C=A® (Be()

Since Ag;C is the (k,1)-th block of A® C and By, C is the (k,1)-th block of B® C, and the above
equality holds for every k and [, the claim is true.

To show that it is not commutative it suffices to establish a counterexample. For instance, let

us take
1 2
a=(s 3)
5 6
=7 )
5 6 10 12
7 8 14 16
A®B=115 15 90 2
21 24 28 32
while
5 10 6 12
15 20 18 24
Beod=|-" 1, § 14
21 28 24 32
2. Suppose Ais K x L and C'is L x M.
(A® B)(C ® D)
A11B AlLB CUD ClMD
AjiB ... AgLB CD ... CouD
(Zﬁl&ﬂh>BD . (ZﬁlAUQM)BD
<ZﬁlAmQJlﬂ).“ (ZéﬂAmQM)BD
[ (AC)uBD ... (AC)mBD
| (AC)x1BD ... (AC)xnBD
—=(AC) ® (BD)
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where we have used the fact that the multiplication of two block matrices can be carried out as
if their blocks were scalars, and the definition of matrix multiplication to deduce that

L
(AC)km =Y _ ApClan.
=1

3. Trivial using 2.

4. optional
5. Simply note that:
AllB . AlKB
tr(A® B) = tr : .
K
= Z tr (AkkB)
k=1
K
= Z Apk tI"(B)

b
Il

X
Z Akk) tr(B)
k=1

tr(A) tr(B)

Solution 8. 1. We first show that if A = 0 then u € ker(A) < u' Au = 0. The left-to-right impli-
cation is trivial; for the other direction, let v; be a basis of eigenvectors for A with corresponding
eigenvalues \; > 0. Then we may write u Y (u ' v;)v; and:

u' Au = Z(uTvi)Q)\i

%

so that if the right-hand-side is null, it need be that u | wv; for all ¢ such that A; > 0, proving
that u € ker(A)

Then to show 1. we proceed as follows. Let 0 # x € ker(Q). Then:
0<z' (Q=Plz=—-2"Pz<0

so that it need be:
x Pz =0

hence x € ker(P) by the remark above. This shows ker(Q) C ker(P), and thus Range(P) C
Range(Q).

An alternative solution is to use part 2. in this exercise, together with exercise 10. Or, to write
Q =P+ (Q — P), and use that Range(A + B) D Range(A) when A, B are positive-semidefinite.

2. It suffices to show there exists ¢ > 0 such that:
Vv € Range(P) : c- v Qu > v Pu.
If finite, one obvious choice that would work is:

v Po
sup

—
vERange(P) U Qu
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which by the inclusion assumption we can upper bound by:
v Py
veRange(@) V1 QU
which can be upper bounded by
0 < Amax(P)/Amin,+(Q) < 00

where Apax(P) denotes the maximum eigenvalue of P and Ayin +(Q) denotes the smallest non
zero eigenvalue of Q.

Solution [9} One direction trivially follows from the spectral theorem. Let us show the other implica-
tion, and consider Q = Z;il ¢iq; for some vectors qq, ..., qm. Since the sum of PSD matrices is PSD,
it suffices to show that the matrix q;q; is PSD. Clearly it is symmetric. Furthermore, for any vector
v:

v (qig{ Jv=(v'q1)* >0

proving its definiteness.

Solution Let Q € RP*P be symmetric.
(1) = (2): If Qu = Mo for some v # 0, then

v Qu=20v" (M) =M "v>0.

Since v Tv > 0, it follows that A > 0.
(2) = (1): Since Q is symmetric, it admits an orthonormal eigenbasis {v; } with eigenvalues \; > 0.
Any z € RP can be written as x = ), a;v;, so

' Qx = Z )\ia? > 0.

Solution The right-to-left implication is easy: indeed, if A, B are PSD, then Range(A) C Range(A+
B). So,Vi=1,...m : v; € Range(v;v;) C Range(Q). We move to the other implication. Let x be

in the range of (31", viv) ), ie.:
m
x = (Z vm?) y
i=1

for some y. However, since each v; € Range(Q), we have that v; = Qwj;, so that we may write:
m m
v = (Z Qujw; Q) y=Q (Z wiw, Qy> =Qx
i=1 i=1
which shows z € Range(Q).

Solution Consider a bivariate Pareto density:
flz,y)=clz+y—1)"P"2 forz,y>1, and p > 2.

1. We have that

1:/ / clr+y—1)7P" dmdy:/ ——y Py = —,
1)1 ( ) 1 p+1 plp+1)

soc=p(p+1).
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2. By integration, we obtain
:/ fa,y)dy = pr=P 1,
1
for > 1, and the same for f(y).

The calculation of the Ebbected values gives EX = EY = / zpr P lde = 3
1 b=

3. We first compute EXY":

/ / cry(x +y—1)"P 2dxdy
— 1) P 1 _171}71

/1(17 7% zylx +y—1)" dy+/ / + (t+y—1) dxdy
TSy / T ~1
| e [ sy =17 Dy

P o0 Yy —p+1
- 7—&—0/ vy

p—1 . o+ 1)
P 1 P -p-—1

p-1 p-2 (p-D(p-2)

EXY

We then obtain

p*P—p—1 P 1

Covtt ) =Xy =B = 062 617 P2

We now compute
EX? = / ?pr P ldr = L,
1 p—2
and finally
p

(p—12%(p—-2)
We obtain the variance of Y by following the same steps: VarY = (

p
—12(—2)°
P (p 1 )
(p—12%p-2)\ 1 p

VarX = EX?2 —EX?2 =

We find that

4. The log-likelihood is:

n

L=nlogp+nlog(p+1)+ Z(—p —2)log(z; +y; — 1).
i=1

By derivation with respect to p we have

n

+
p p+tl

( +y271):03
=1

1 n
and by setting & = — g log(z; + y; — 1) we have the equation
n
i=1

pa+pla—-2)—1=0.

The product of the roots of this equation —(Ey)_1 is negative. So we only consider the positive
¢ 1 n 1 n 1
roo =——- — + -
PTE T2 az 4
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Solution I3l 1. Let 4 = E(X). Then:
E(Y)=E(AX) = AE(X) = Au

and we get:
’ Cov(Y) = E[(A(X — pu))(A(X — 1)) "JACov(X)AT = ADAT.

2. f X =E[XX "] then u'Yu = E[u" XX Tu] = E[(X Tu)" X Tu] = E[| X "ul|? > 0. Fot the other
direction, it suffices to take Z to be a random vector with covariance the identity matrix, and
pick X = /X Z, where the square root exists because ¥ is psd.

Solution [14l

E[X]=E

DI R R s

1 _
S=-Y XX, - XxXXxT
R

= KX = )T = (X =) (K =)
(5 ) - )T SO ) - )
i i+
Since E [(X; — p)(X; — p) "] = 0 for i # j, we have
E[S] = ”; )

Hence, S is a biased estimate of . If we consider S = —5.5 then E[S]=%.

Solution The density of (XT, YT)T can be written in terms of u = (ux, uy) and the precision

matrix ¥ = ¥ = ( 511 512 > We are interested in the density of X | Y = y which is given by
21 22
Ixv(@,y)
f _(r) = ~—=— 722
XY y( ) fY(y)

Note that the denominator carries no information regarding the functional dependence on the variable
z. In the following we omit the terms which don’t depend on z for the sake of simplicity (the symbol

T .
& means ‘proportional to’)

_ fX,Y(%y)
fX‘Y:y(x) B fY(y)

1 T T
& exp (‘2 (x—px) (v —px)—(r—px) ¥io(y— MY))
T L T T
xexp | =5 Upe+a (Uipx — Yo (y—py)) ),
We recognize the form of a multivariate Gaussian density. We deduce that X | Y = y is Gaussian,
so it is characterized by two parameters: a mean ji1)o and its precision matrix Wy, which we need to

identify. In general, the density of a multivariate Gaussian with mean f)o and its precision matrix
U,z is proportional to

1 T x 1
exp <—2 (2= paj2) Wy (x - /L12)> X exp <—2$T‘I’125C + JTT‘I’1|2H1|2)
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By identification, the precision matrix Wy, is ¥1; and the mean is

px — U 0 (y — py)

Solution We set U =Y —a — X. We will show that X and U are independent using the
characteristic function.

t . X
(P(XT’UT)T (t;) =E |:€Xp (1 (tl tg) <U>>:|
= //exp [it1z + itou] fx v(z, uw)dzdu
= //exp [itiz + itou] fx v (x,u + Bz + a)dzdu
= //exp itz + itou]) fy | x = (u + a + Bx) fx (x)dzdu
. - L T¢-1 1 Ty—1
x exp [it1z + itou] E —3u Y7 u | exp —§(x—,uX) Xy (x — px) | dedu
1 1
x /exp {itlx - 5(33 —px) Otz — MX):| dx/exp [itgu - QuTE_lu] du
From line (2) to (3), we have considered the transformation

()= (5 ) G)+ (%)

for which the determinant of the Jacobian is 1.
‘We then obtain

t
D xT uTyT (é) = Ox(t1)Py(te)

So U and X are independent and the variance of (X T,UT)T is
X\ [ Xx  Opxg
Var (U) = <0qxp 5 ) .
X\ (I Opxq) (X " 0p
Y) \B I U a)’
Y o+ Bux
X\ [ Ex ExBT
var () = (5 s T
Solution Solution in Python and R: see this GitHub link.

Solution [18l 1. For instance:

E etT(X—Y)]

Now, we write

Hence

and

Mz, (t) = E[

_ E[etheftTY]

= E[etTX]E[e_tTY} (since X and Y are independent)
= Mx(t)Mx(—t) (using the MGF of X and Y)

= exp (tTEt)
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which is a the MGF of N (m,2X). Proceeding similarly for Z; we see that its distribution is
N(0,2%).

2. One possibility is to observe that:
.
MZ1+Z2 (t) = ]E[et (2X)]
=exp (2t'm+2t" 5t)
=exp (t'St) -exp (2t 'm+1t'%t)
= MZI (t)MZZ (t)
yielding their independence.

An alternative solution not using the MGF is to note that

Z\ (1, -1\ (X
z) =\, 1)\y
is a jointly gaussian vector, and that Cov(Z;, Z3) = 0.

Solution [19] 1. Note that Z7Z = Zf:l Z?, and the Z; are i.i.d. standard gaussians, so we may
deduce by classical univariate statistics that the sum of squares follows a chi-squared distribution
with k& degrees of freedom.

2. Using independence of the components Z; and the MGF of the univariate chi-squared with 1
degree of freedom: Mz+4(t) = M g2 (t) = Hle My (t) = ((1— 2t)*1/2)’f

Solution 1. Let Y = ©~1/2X. Since ¥ is invertible, ©~1/2 exists, and Y follows a multivariate
normal distribution with mean 0 and covariance matrix I,,. Therefore, Yf ~xifori=1,...,p, s
and the sum of independent chi-squared variables follows a chi-squared distribution with degrees
of freedom equal to the sum of the individual degrees of freedom.

2. Employing the spectral decomposition theorem, we may write H = UJU " where J is a diagonal
matrix with only zeros and ones, with r non-zero entries. Then:

X'THX =U'X)"JUTX)
Note that Y = U T X follows the same law as X since U is orthogonal. Therefore:

XTHX=YTJy = > ¥
i:Jii7#0

and the conclusion is clear, noting that |i : J;; # 0] = rank(H).

3. Denote the eigenvalue decomposition of ¥ as ¥ = UDU ", where D is a diagonal matrix with
the non-zero eigenvalues of ¥ on the diagonal.

Consider the transformation Y = UTX. Then Y ~ N(0,U"XU) = N(0,D). That is, Y; are
independent centered Gaussians with variance D; ;. Then:

X™siX=y'Dly = > D,V
i: D70
and the conclusion is clear,, noting that |i : D;; # 0] = rank(X%).
Solution Solution in Python: see [this GitHub link
Solution [22} Solution in Python: see this GitHub link

10
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Solution = 2) Let us write W = (U where U = W/||W]| is a random unit vector and & = ||W||.

(2=3)

3=1)

First note that the distribution of U need be rotationally invariant, and is thus necessarily the
uniform distribution over the unit sphere. Furthermore we may also show that £ 1 U.

Heuristica idea. We present here an incomplete argument that however suffices for the porpuses
of this course. Let € > 0 and w;, uy, € SP~! arbitrary. Then there exists an orthogonal matrix O
such that uy = O Twu;. Consequently, we may improperly but heuristically write:

P(W = euy)
P& = = By
(E=¢€|U=mu) PO =)
. ) . _ P(OW = euy)
(by invariance under rotations) “POU =)
_PW = eus)
-~ P(U =us)

=P =¢|U =ug)

Note that this intuitive argument is not rigorous (we are considering events of probability 0).
However, it is simple to see that one could consider a generating sigma-algebra of events for
which this line of reasoning could be reproduced, at the cost of a more tedious writing (for the
angular part consider fixed-length arcs and for the radial part consider intervals).

Rigorous argument.

We want to show that & and U are independent, i.e., for any measurable sets A C R} and
B C S,
PEel,Uecl)=PEec&PU clU).

for suitable measurable sets £ C Ry, U C [0, 27).

POW] €& W/IIW| et)

PEecl|UeclU)= PU €U)
(by invariance under rotations) = PloW| E]Pf(’)gz/élll)own €Y
R(W] € & W/IW] € ou)
P(U € OU)

=PEel|Uecol).

which proves that the law of 7 is constant under conditioning on U, and hence establishes their
independence.

Representing v it in polar form v = ||v||u, where u is a unit vector in the direction of v. Then,
vIW = (JJo]|u)T (€U) = €||v||u’U and it is easy to see that u'U has distribution of the marginals
U; (by invariance of the uniform distribution on the sphere wrt the coordinate system). Thus:

oTW L g|lo||Uy = [|v]|Wh.

First, recall that the distribution of all possible 1-d marginals uniquely characterises the joint
distribution of a random vector. That is, the distribution of X is uniquely determined by the
family of distributions v X for all vectors v.

Next, for any orthogonal U and vector v, note that ||[(v"U) || = ||v||. Then, observe that:
pT(UX) = (W U)X L v)|X; £0TX, VoeRP

which directly implies that X L UX.

11
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Solution Let X be an elliptical random vector. That is, we may write X = pu + AU for some
spherical U.

1. X; = ejTX = p; + (ejTA)U, concluding the proof.
2. BX+b = (Bu+b) + BAU, concluding the proof.

Solution [25l

n

n P
(AXB)ij = [A(XB))i; = Y _ Aa(XB), ZAUZX”CB,W > AuXu B
=1

=1 =1 k=1

So, easy to see that each element is univariate normal. But we also require the rows of Y to be
independent and to have the same distribution. The heuristic idea is the following. Post-multiplication
of X involves adding weighted variables. Hence the rows of XBT are independent. The transformed
objects are also independent unless the premultiplication by A introduces some interdependence, so
each row can be transformed only by scalar multiplication. To have that the distribution is the same
across rows, the scalar factor must be the same.

Concretely, we need each transformed row to have the same mean and covariance, and the cross-
covariance between different rows to be zero.

Let Y be the transformed data matrix. We denote its i-th row by Y.

1. (same mean)

which shows the first part.
2. (same covariance) wlog assume X centered.

E[Y] Y] = E[(A;XB) T (A;XB)]
=B'E[(XTA]A;X)]B

Note that:
E[(XTA AX) k] ijkAw ZAU,X 0)]
Z X]kAZJAZJ/X 'Z]
JsJ
=S Z A
so that:

E[Y,Y;] = (A;A])BTEB

12
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which does not depend on 7 iff Ai/—\;'— does not depend on i, or BTYB = 0. Similarly:
E[Y, Y:] = (A;A))BTEB
which is 0 iff distinct rows of A are orthogonal, or BT ¥B = 0.

Solution Given that X is an n x p data matrix from a multivariate normal distribution A (u, 3),
and we define Y = AXB and Z = CXD, where A, B, C, and D are matrices of appropriate dimensions.

Using vectorization, vec(Y) and vec(Z) can be written as (BT ® A)vec(X) and (DT ® C)vec(X),
respectively. Hence, the covariance between vec(Z) and vec(Y) is given by:

Cov(vec(Y),vec(Z)) = (BT @ A)Cov(vec(X))(DT @ C)".
Given that Cov(vec(X)) = X ® I (where I is the identity matrix), the above expression becomes:

Cov(vec(Z),vec(Y)) = (BT @ A)(Z@I)(D'®C)"
=((B'S)@A)(D®CT)
=B'ED®AC'.

Thus, the elements of vec(Y) and vec(Z) are uncorrelated if and only if the above matrix is the
zero matrix, i.e., if and only if we have BTXD =0 or ACT = 0.

Solution [27] 1.
X1

XTX=[x7 ... XJ]|:|=)Y_X'X,
Xn i=1

Defining W; = X[X; ~ W,(2,1) and since the rows are independent, the matrices W; are
independent this completes the claim.

2. EW] =E[XTX]. = 3" EX] X;]. = n3.

3. When n < p, the Wishart matrix W = >"" XiXiT is the sum of at most n rank-one matrices.
Since the rank of each XiXiT is at most 1, the total rank of W is at most n. Therefore, W is
almost surely singular because its rank never reaches the full dimension p. If it is almost surely
singular, then it is constrained to a lower-dimensional subset of the space of symmetric p x p
matrices. This means it cannot have a density, since it is supported on a Lebesgue-zero measure
set.

4. Write W = XTX where X is an n x p matrix with ii.d. rows X; ~ A(0,%), and for any
6 ¢ ker(X), define Y = X6., which satisfies Y; ~ N(0,6 " %6).. Then,
n
0TWO=0"X"X0=YTY => Y
i=1
Since Y; ~ N(0,67¥6), normalizing by 620 gives:
0TWo Z": ( Y; )2
Ti = e .
020~ 2\ Virss
Since each term follows N (0, 1), we conclude:

oTWe
gTng " X

13
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Solution 28l 1. Note that if W ~ W,(X, n) then

212 We Y2 LW, (In) and £-Y2(X — ) ~ N(I,0).
By definition of the Hotelling distribution we have that:
(572X — ) T(ETPWE )Y E V(X — ) ~ T2(p,n)
but the above expression is simply

(X — ) TW X — ).

2. Similar, using the Gaussian Sampling Theorem on slide 111.

Solution Consider the random Gaussian vectors X,Y with same marginals, but different covari-
ance structure. Then the sequence Zs,, := X and Zs,41 = Y establishes a counterexample.

Solution [30l 1. Since ¥ is diagonal, o;;, = 0 when i # k, thus:

COV{'[UZ']'7 wkl} = 04i0jj (5ik6jl + 5il5jk)
hence: cov{w;;,w;;} = cov{w;;, w;;} = 0;;0,; and otherwise 0 (recall W is symmetric!).

2. Let us first consider the diagonal case. Then, the covariance of the vectorisation of the lower-
diagonal part of W has diagonal covariance, with strictly positive elements on the diagonal, which
is clearly positive definite. For the general case, it suffices to observe that the reduction can be
obtained by the svd ¥ = UTAU and observing that UWU T is Wishart with diagonal scale A.

Solution Solution in Python: see this GitHub link

Solution Let X be the MLE of u. Note it is clearly unbiased for p. Let T be any other unbiased
estimator of u. We want to show that:

v Cov(X)v < v'Cov(T)v Vv e RP,

The key is to observe that v X is the UMVUE for v "y, by known 1-d results. Therefore, observing
that v T is unbiased for v "y by linearity, we have that:

Cov(v' X) < Cov(v'T)

or equivalently o o
v E[(X — @) (X — ) o oTE[(T - p)(T —p) Jo Vv eRP

which is precisely the claim.

Solution Consider statistical model parameterized by 6, and let 6 be the MLE of 6:

0 = arg max L(0]x)

Define for g(#) the induced likelihood function L*, given by

L(nlx)= sup L@#|x).
{0:9(0)=n}

Let 7 denote the value that maximizes L*(n | x), which is the MLE of = g(#). We must show that
L*(5 | x) = L*[g(0) | x]. Note that:

L*(f|x)=sup sup L(A|x)=supL(f|x)=L(0|x),
n {0:9(8)=n} 0
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where the second equality follows because the iterated maximization is equal to the unconditional
maximization over #, which is attained at #. Furthermore

L |x)= sup  L(O]x)=L"[g(6) ]| x].
{0:9(0)=g(0)}

Hence, the string of equalities shows that L*(7) | x) = L*(g(0) | x) and that g(f) is the MLE of g(f).

Concerning uniqueness, note that if 1), 77" both maximise the transformed likelihood, then necessarily
g 1(0) = g7 1(#’) = 0 so that, by injectivity of the inverse 7 = #’.

Solution Solution in Python: see [this GitHub link
Solution Solution in Python: see this GitHub link

Solution [36] 1. Let us first consider the case . = I. Recall that the determinant corresponds
to product of the eigenvalues. Then, note that the matrix I + vv' has v as eigenvector, with
corresponding eigenvalue 14+ v'v. Being a positive matrix, we may complete to find a basis
of orthogonal eigenvectors, all of which will be orthogonal to v, and thus with eigenvalue 1.
Therefore:

I+ |=1+v"0

The general case then follows by using the multiplicativity of the determinant, and taking u =
»1/2y:

1Z4un"| =[SV 2T+ 0o SR = IS T+ 00| = 21400 = |21 + o 27y
2. First note that when ¥ = I we may expand by power series:

T+ =T+ Y~y =T-0 ) (~vTv)io" =T— ———w"
i>1 >0

so that the general case is follows by taking u = X1/2p:

(C4uu ) =2"2(T 400 ") i1/
1

22—1/2 J— — T 2—1/2
( 1+UTUUU )
1
_y-1 -1, Ty—1
= 771+u—r2_1u2 uu .

Solution Let P, denote the projection onto span (1,,(Z1,...,%Z,)), and write H, = I — P,.
Consider its SVD decomposition H,, = UQU . Note that éx = H,(X1,...,X,) and similarly for Y.
Note that (W, V) = QU X, QU 'Y satisfy W,V ~ N(0, I,,_3,,—2) and are independent under Hy and
thus the claim follows as in the proof in slide 160-161.

Solution Let Xi,...,X, be a random sample from N (u,¥,x,) with ¥ > 0. The restricted and
unrestricted MLEs are, respectively, (X, A ) and (X, f)), where:

A= tr(2)/p.
This is easy to see, using equivariance of the MLE. Thus:

0 =t (X,M) - ,g log ‘27&1’ - gtr (X*li)

and:
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which yields:
2log A =n (log ‘2717\[‘ +tr(A7I8) — log |278| — p)

(10g|>\ 9] 4+ tr(A718) — )

) \ P

=1 _P
o8 |3[1/P

Solution Solution in Python: see [this GitHub link
Solution We decompose X using SVD, i.e.

X =urv?
and find that we can write the covariance matrix as
1 1
C=-xXXT =-ur2u?.
n n

In this case U is a n X m matrix. Assuming that the singular values are ordered descending order
we know that, if n < m, the first n columns in U correspond to the sorted eigenvalues of C and if
m > n, the first m corresponds to the sorted non-zero eigenvalues of C. The transformed data can
thus be written as

Y = UTX = 0Turv?,

where UTU is a simple n X m matrix which is one on the diagonal and zero everywhere else. To
conclude, we can write the transformed data in terms of the SVD decomposition of X.

Solution Solution in Python: see [this GitHub link

Solution [42]
1= = 2|2 = IZ)% + [|5]* - 2tr(X)
(by the trace inquality) > Z PEE Z 222 Z Aiki
=Y (=)
and since:

v

i — A2 . _
E i —A)2 =\ —A)) 1+§ A %) (N — )2, Vi=1,...,p
#J B

we find that: . R
=M< IIZ=2],  Vi=1,....p.

Solution An equivalent formulation of the statement in the exercise is that:
- 2 2
SOIX; - HeXGP <)X - QX
j=1 j=1

for any n xn projection operator Q or rank at most k, where H, = Ef 1 Uty . However, this is a direct
consequence of the Optimal Linear Dimension Reduction Theorem (slide 174) taking expectations with
respect to the empirical (discrete) measure P, = > 7_, dx,.
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Solution Note that n ~ Wishart(3,n — 1), and so we have the following identity in law:
ny < Z w;, for W; % Wishart (3, 1)

By the content in slide 129, we thus know that Therefore:

Cov(v/n(% = %)) i)ty = %(Zikzjl + SuZik).
In particular, this gives us the covariance — taking the limit — of Z:
Cov(Z) ik = (BinZji + XaXje).
which may be succintly written as:
Cov(vec(2)) = (2@ X)(I + K)

where I is the identity and K the commutator, i.e. K vec(A) = vec(AT).
Now note that:
E [(Zui, w;) (Zuj,u;)) = E [(Z,u] ) {Z, uju; ]
= (Cov(2)uu; , uju;r>
= (Cov(vec(Z))vec(uu, ), vec(uju;»
(2@ Z)(I + K)vec(uu, ), Vec(ujujT))
2((X @ X)vec(u;u T),vec(ujujT))
(A® B)vec (V) = vec(BVAT) = 2(vec(Suu] %), Vec(uju;r»
= 2\ (vec(uzu; Z),VEC(UJ'U;»
= 2)\itr(uiu:§]uju;r)
= 2)\i)\jtr(uiu;ruju;)
= 2/\i/\j5ijtr(uiujT)
= 2005

Be mindful that the inner product in the first two equations is not the same (we go from vectors
to matrices!)

Solution Solution in Python: see this GitHub link
Solution Recall that Cov(Qn)(ij)(ke) = Cov(f(UTEU A))ijyey = 75 AiNjO(ij)(key thus:
Cov(Q) iy ey = Aidi (Ocis)(rey + Oigyer))-
Furthermore, note that we established in the proof that
Wi (A — N) 4 Q;; when i # j, and 0 otherwise.
Hence:

1 _ Cov(Q) (ki (s
(A = M) = A) (N = M) (N — Ar)

Cov(W;W;)ie = E[Wi; W] = E[QriQus)

or equivalently:

Ak
COV(WJ/VZ) = Z (Afwekez
k} . X3

17
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Proceeding similarly:

Cov(W;W;) ke = E[Wi; W] = E[QriQu;] = )\k)l()\j )
~ Cov(Q) riy(es)
BT ICYERY)
NGl
R

or equivalently:

AiNiGied; T

EYEPWENA
Solution Let X1,...,X, be IID copies of the random vector X € RP, with n > p. Suppose that
3, is not full rank. Then, there exists v € RP such that :

COV(Win) =

n n

. 1
0=0v"%,0= - S uTXiX[ v=> (v, X;)?
"

Jj=1 Jj=1

which yields that v is orthogonal to all X;. But this occurs with probability zero, since P(span(X1,...,X,) =
RP) = 1. Indeed, the probability of the complementary is upper bounded by that of drawing a vector

in a p—1 dimensional subspace, which is 0 for all absolutely continuous measures. To conclude, observe
that finite intersection of almost sure events is almost sure.

Solution Suppose that we have a statistical model M} of some data, with k& the number of

estimated parameters in the model. Let L(Mk) be the maximized value of the likelihood function for
the model. Then the AIC value of the model is

AIC(IVIk) = 2k — 21n(L(Mk)

Given a set of candidate models for the data, the preferred model is the one with the minimum AIC
value. Thus, AIC rewards goodness of fit (as assessed by the likelihood function), but it also includes
a penalty that is an increasing function of the number of estimated parameter, which discourages
overfitting.

In our setting, the model M} assumes that the covariance function corresponding to the data
generating measure has rank k. Assumning gaussianity, up to constants idependent of k we have that:

P
2In(L(My) ~ —n Z log \j + nk
J=k+1

where A1, .. .,;\p are the eigenvalues of the empirical covariance ¢, and n the number of observed
samples. Inclusion of an additional principal component, i.e. increasing the number of parameters
of the model, is justified if the criterion value decreases. That is the model My, 1 is preferred to the
model My if AIC (s, ,,) < AIC(py,). That is, if:

P P
2k +1)+n Y loghj—n(k+1) <2k+n Y logh; — nk.
j=k+2 Jj=k+1

which, more explicitly, corresponds to:
n—2
)\]4;+1 >e no.

Solution 49l
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Solution To show that the matrix functions ¥ — %2, ¥ +— /2 and ¥ +— X! are continuously
differentiable (C1) at ¥ = 0 we will use the fact that these functions are smooth functions of the
eigenvalues of the matrix.

The argument is very similar for all three cases. Wlog, consider the function ¥ +— X ~!. For
¥ = UAUT, the inverse is given by:

ST =UATUT,

where A~! is the diagonal matrix with entries ;- ! The function z — z~! is smooth and continuously
differentiable on R+ . This, with the smoothness of the ”svd mapping” ¥ +— UAU” with respect to &
ensures that ¥ — 271 is C.

Solution Let p := corr(&g, {k+1), which is independent of k by stationarity. Assume p ¢ {—1,1},
otherwise the claim is trivial. Then, by the regression representation, for all k there exists a centered
random variable €, independent of &, with variance o2 > 0 given by:

€k = k1 — PSk-

Note that €, need be Gaussian, since Gaussians are closed under linear modifications, and that the
sequence of €, need be iid by stationarity. By assumption, all £ are centered and Gaussian, say
N(0,22). By stationarity:

512522P§1+6k

so that we must have v? = p?v? + 02; solving for v gives:
V2= 02/(1 - p?).

Solution [52L

p—1
l(p7 U) :1Og ff; + Zlog f£j+1‘£j (€]+17 P, U)
j=1

2 L-p* 2,7, 202

—1

1 2 51 1 2 5 f’—i—l 5

= Clog2r—2— — Sl (1) log2mo? — y ML S
og (p— 1) log 2mo jE_l

Solution Solution in Python: see this GitHub link.
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