
MIDTERM EXAM

Probabilité Avancée

Midterm Autumn Semester 2O24

November 5 2024

Length of exam : Lh 45 minutes

Permitted : no pages of personnel notes are allowed'

No calculation machines are allowed'
Please start each question on a fresh page'

Attempt all the questions

Any dishonesty will be severely sanctioned !

Write first your full name and section

Name Given name :

Departement :

Points
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Total points :
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1)(i) State the Monotone convergence Theorem

(ii) what is convergence in probability ? Give a weak law of la'rge numbers

result. Points accordirig to generality'

(iii) State Fatou's Lemma'

(iv)Given two probability spaces (Or, F., P1) and (fir, tr,P2), what is the

product sigma field Fr x Fz?

(v) Is the uncountable intersection of o fields (of subsets of a common o

) necessari$ a o field ?

. ('i) For measure space (Q,l.), P and Q *"two probabilities. If. P(A):

A(ùÇ a e -A where "(A): f must P : Q? Justifv'
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2a)LetXt,Xz,..',beindependantidenticallydistributedr'v.staking
values in NI u {-1}\{0' 1}, so that

Vnt 2 P(X, - n): #6,
!E---a C

P(Xt:-1):l-L"11"6;

where C is chosen so that E(Xt) : g' We defi'ne S' : Di X;' Show that

in probabiiity. Is it possible to extend. this to a.s. convergence ? Using the

truncation at level #6 or otherwise' show that

,S," /'l
-w,nllos(n)

in probability. Is it possible to extend this to convergence a's' ? J-ustify' (You

may use appro*imaiions of sums via corresponding integrals without proof')
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3) a) For X a positive random variable Ïrith E(X) : I' on space (O' t' P)'

sho$/ carefullY that

(t\

A -+ t^*0,
is a probabilitY measure on (O, 'F)'
b) consid*, r c lRJlrrot oà"*1**ity measurable) yd Iet Bn be the sigma

field of subsets of E gànerated by =*i* of the form O n E for open sets O in

IR'd' show that 
Bs: {E n B} for B Borelian '

If P and Q areprobability measures on ('E' 6Ë) s9 that for each open set O

i(O à a1': q(b n E), is it necessarilv the case that P : Q?

a) ,- rasTfno,'r (Jro> lt^0 çPn(trç
fr

ti(srl= I , 'Yfr'drnt Qr')'t\^vAt4''

d t Û û') ; ? Ôtt') @r o' ç 4' Pr 
')ornF

lXor0= €lx\çl'

u*a orP\' lo"l' c
(t) U( sr\-
O,) VA

xdpr
ù

w \,'c'
t,,,, Gt ut*' \ 0.-(; P r5!@rAf,

0(.qù.)= | xa0 Y
u l),

J*:; s,ÀP = I* â -'tP

û
Y {!o' Jvrr"rv

{n cT. e(X^\ É

{1

? / PrP'\

Sp.\
rf1

{Yc [t. 0{É otsro'ni .,/
Lcs Xn- x 7To' x -;

û9Xn $r'n Xl1' X( fo?".
" j; ëv,)':"t,f f,x;{>

1r'rûc-ryrs N J*'âP; U(

te i A,t'l t Û(:? l'j'ù



3contd .-Tn Shot*'t

u^"ernhs-î'rhû," fLe ç (lt- {h^n

Ès ÇU't i

A€ -, f'anb : t), Br) ! =
[Lr r

A aaI

nD
15G

I c c(hrn Kr rZ r ç ù V-€t a-O tJl (^\lrt" t F O

rr) Ycfl,z h v= on*A ÏI(cba
\z\ {\tÈrr=) A'Une frx['eVa

a gc = 
-É 

n'â ë ù' a tB U' c- [)'ol'

r3\ if h,.E-- . ^ e È'r' <nrc-uV t A" e t[\t

Sn f\. e t5{ ço U F,--'

'lçV,B. t b/ -- u [\' ('l5l ''"'

Ço t\, g ,ç f) ct' ûÉLO o l .ryl:il]l<"one 
(Y5 (tl'çnb)

È,e 6ewio-'ô) Of'-c'/ CoPtt'^1n 
,

L,z roN*'r't bn t tYl Ûr'-u; OôD*)

[\r r Ç Lz : 'Lt1 Y=\ ù C 
'qtt 'o 

*-T 
-ànc 

ë Be I

fi4c.J \4 rornâ'46 {n( gPllrfiS' ['roJ^or t3(

\ t toâff\ )4, ç ù tr-''o;lt''*À LY Û' oln4:'ooor

1,,\ /\ É\-{ ==t6 {\r'e e a "
5a g / Aî€ ô-- Enâc s (=e

ff'tùttt A 5"Çta)'
ET A(eX

(-,,n 4,. 0. . ^'ç À
3 û,n E , h, n't \nftî" d Be V n

{7 7 U(0, nâ e [Le 
^l I 

u;J o 6'nÙ0

-r> t UpJ l'v '-'t'(0' {tc\ c

';,"; o'orrY/- e Y r o "râ 
r -( V't

Ç, Y r s /l t)' (' cL(\ 
-' 

uj-

=) G.É ç\Le



Lov

Ncdo t0

\2 t/'0) ù

'0tc.0o S )

O vli $-{, ,/t'
\Urnl =\-,i

54 r^\-a)/^5 U V 1\ ç\2 \/ '
\-

('0 ar

t ,l ç'r @ 
d tf) wcult+u r0 x\f Ttttv zA

\€&-, -u x 5r t*oo '- )u 0 J --LL silJ r*c'^L

nrc(oOA (âu})d = tauÇ)n )l
t llfl-t')


