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Thomas Mountford Fall 2022
Series 4: Expectation, independence Solutions
Exercise 1

By Holder’s inequality,
E[IXP] = E[IXP x 1] < E[X|"'0 E[17/6] 7 ~ g [ixpeps,

from which we obtain
E X177 < E [1x17]'9.

(The inequality can also be proved using Jensen’s inequality.)
Exercise 2

If ||X]loo = o0, then for any A > 0, one has P[|X]| > A] > 0, so

1/p 1/p
liminf ||X]|, = lim inf (lelp le) > liminf (f |X” le) > Aliminf(P[|X| > AP = 4,
p—oo p—eo IX|>A p=ee

p—)OO

and as a consequence, lim || X]||P = oo.
17—)00

Assume now that ||X||e < 0. As |X]| < [IX||e a.s., one has

1/p
lim sup [|X||, = lim sup (lelp d]P) < lim sup(|IX]12)"? = [1X]loo.-

Let € > 0. By the definition of [|X||., one has IP[|X| > ||X||cc — €] > 0, and thus

1/p 1/p
liminf ||X]|, = lim inf (f | X7 a’]P) > lim inf(f | XP d]P)
> (IXlle = &) lim inf(P{IX] > [Xeo = ell)*” = K]l ~ &,
which finishes the proof, as € > 0 was arbitrary.
Exercise 3

(a) Since for any w € Q, we have X(w) € R, it follows that

ﬂ{weg:|X(w)|>n} - 2.

n>1

Therefore, if we denote Z, := X 1jxj>n) , then Z,(w) — 0, Vw € Q. Also, |Z,] < X . We can
thus use the dominated convergence theorem to get

lim XdP = lim E[Z,] = 0.

n—o00 |X|>n n—o0o

(b) Fix an arbitrary M > 0. We have

XdP| < |X|dP
Ay An

< f |X|d]P+f |X|dPP
AnN{IX|>M)} An{IX|<M)}

< f IX|dP + MP[A,].
I X|>M



So,

1imsup|fXd]P|<f IX|dP .
noeo 1 Ja, IX|>M

Letting M T +o0 and using part (a), we obtain

limsup|fXd]P| -0,
An

n—oo

which in turn implies that [, XdP — 0.

Exercise 4

(@) The claim follows from estimate

P PIX] > t] =f P dP <f X dP ,
|X|>t |X]>t

and dominated convergence theorem.

(b) Using the hint, we can write

+00 +00
E[IXI"] = f P[IX]"> s]ds = f " Pl|X) > ] dr
0 0
We now verify that this integral is finite. By hypothesis, there exists some N > 0 such that
PPIX|>t] <1, Vi=N.

Finally,

+00 N +00
f I P[IX| > t]dt = f rﬂ—111>[|X|>z]dt+f VP IX| > ¢ dt
0 0 N

N —+00 1
f rfldr + rf " P[1X] > t](]—)dt
0 N rpr

<
+00 1
< N +r ——dt
N tl+p-r
< 400,

where we have used the fact that p — r > 0, in the last estimate.

To prove the identity in the hint, note that, writing u for the distribution of the positive random variable

Y,
y
E[Y] = fyd,u(y): ff dx du(y) =f 1<y dx du(y) =f P[Y > x] dx,
0 x,y=0 x=0

where we used Fubini’s theorem.

Exercise 5

For any E € B(R), we have P[X € E, X € E] = P[X € E]P[X € E]. So P[X € E] is either equal to
0 or 1. From this, it follows that F(x) = O or 1, for each x € R, where F : R — [0, 1] is the cumulative
distribution function of X.

Since lim F(x) = 0, we know that {x € R : F(x) = 0} is nonempty. Let us define

X——00

xo = sup{x e R: F(x) = 0}.



Since lim F(x) = 1, we also have that xy < +o0. The function F' being increasing and right-continuous,

X—+00

we have F(x) = 1 for any x > xo, and F(x) = O for any x < xo. Therefore, P[X = x¢] = 1.

Exercise 6
Suppose that

(D) ]P(X] =Xl X =Xp) = ]P(XiIXi) forxieSi.

n
i=1
Let Ey, E», ..., E, be arbitrary subsets of §1,...,S5,. We have to prove that

P[X, €E\. X\ €Ey..... X, € E,| = P[X; € E\|P[X; € Ey] ... P[X, € E,] .

The left-hand side in the above equality can be re-written as

P U {Xlle,Xzzxz,...,Xn:xn}

x1€Ey,....x,€E,

which in turn is equal to

= N = s ey n= .
Z IP[Xl =x1,X0=x X xn]

Finally, the proof is completed by using (1).

Exercise 7
(1) We assume that duy,(x) = fi(x)dx. The independence ensures that

HXy X)) = HX, @ 00 @ X,

Fubini’s theorem gives us that

d(ux, ® - ®pux,) (x1,...,X,) = (n Pi(xi)] dxi - -dxp,
i=1

which proves the result.
(2) Since the density of (X1,...,X,) is f, we can recover the density of X; by integrating out the other
variables. More precisely, X; has a density f; given by

() filx) = ff(xb e X1y Xy Xig1s e ey Xp) dXY - o dXi1d Xy - d Xy,
Indeed, for any positive measurable function ¢, we have, by Fubini’s theorem
Elp00] = [ etf(a...ox) dn -+ d,
= fSD(Xi)(ff(xl,---,Xi—l,x,xi+1,---,xn) dxy -+ dxi_1dxiy "'dxn) dx;,

which justifies the claim. We now show that there exists C; > 0 such that f; = Cg;.
Fubini’s theorem and the assumption on f ensure that

1=ff(xl,...,xn)dxl---dxn=1_[fgi(x)dx.
i=1



Since g; > 0, this guarantees that K; := f gi(x) dx is in (0, +o0) for every i. From (2) and the assumption
of f, we obtain

filx) = ff(xl, ey Xl Xy Xig s e o, Xp) dXp - dXio1d Xy -+ - dxy = [H Kj]gi(x) = K; ' gi(x),

J#i
so we have indeed f; = C;g; with C; = K;"!. Finally, since
n n
fenm) = | | = | | £,
i=1 i=1

it follows that ux, .x,) = Mx, ® --- ® ux, (by Fubini’s theorem), and hence the random variables
(X1, ...,X,) are independent.

Exercise 8
Let ¢ be a positive measurable function on R?. We have

+00 1
Ele(X,Y)] = f f o(Vucos(2nv), Vusin(2zv)) e dudv
0 0
+00 21 )
=7 f f @(rcos(8), rsin(@)re™" drdd
0 0
=7 f o(x, y)e @) dxdy.
R2

This proves that the distribution of the pair (X, Y) has density 7~Le=®"*?). Since this is of product form,
the previous exercise enables us to conclude that X and Y are independent.



