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Exercise 1

The distribution of X is puy : & — [0, 1] such that for any B € &,
11(B) = P[X € B.

We check the defining properties of probability measures. We have ux(0) = 0 and ux(E) = 1. Moreover,
if (B,)nen 1s a sequence of disjoint sets in &, then
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Since (B,)qen are disjoint sets, so are the sets ({X € By, })pen (recall that
{XeB,) ={weQ: Xw)eE B,)),

and thus
120.4 [U Bn) = Z/JX(Bn),
neN neN
and this finishes the proof.

Exercise 2
Consider the o-algebras

(D F1 = {{1,{2,3,4},2,Q}
() Fr = {{41,{1,2,3},2,Q},
so that

F1UF2 = {{1},{41.11,2,3},{2,3,4},2,Q} .
F1 U F, is not a o-algebra because, for instance, {1} U {4} ¢ 1 U .

Exercise 3
It suffices to consider the collection C = {{1,2}, {2, 3}} and

u({1}) =1/2 v({1}) = 1/4
p({2}) =0 v({2}) = 1/4
p({3}) =1/2 v({3}) = 1/4
p({4}) =0 v({4}) = 1/4.

Exercise 4
Let us write
C={a,b): a,beQ).



Clearly, C C { open sets of R} so o(C) € B(IR). On the other hand, if O is an open set of R, we have

o=|]Jr
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Since C is countable, in particular the union above is countable, and thus O € o(C). We have shown that
any open set belongs to (C). Since o(C) is a o-algebra by definition, this implies that B(R) C o(C). In
conclusion, we have shown B(R) = o(C), with C countable.

For the second part, recall that

BR)®BR)=0({AXB, A,Be BR)}).

It is easy to check that for any A € B(R), one has A X R € B(IR?) (check that the set of all such A’s
contains the open sets and is a o-algebra). Similarly, for any B € B(RR), we have R x B € 8(R?). For
any A, B € B(R), we thus have

AXxB=(AxR)N R x B) € BR?).

This justifies that B(R) ® B(R) € B(R?).
Conversely, let us define the countable collection

C={(a,b) x(c,d), a,b,c,d € Q).

Let O be an open set of R?>. We can write it as

O=U1,

1cO
IeC

and the union is over a countable index set. Moreover, it is clear that any / € C belongs to B(R) ® B(R),
so we have proved that O belongs to B(R) ® B(IR). As a consequence, B(R?) € B(R) ® B(RR), and this
concludes the proof.

Exercise 5

We first show that & = {A such that A or A€ is countable } is a o-algebra.

It is clear that Q € ¥ and that if A € ¥ then A° € . Now suppose that A, € F,n > 1. If every A, is
countable, U,>14, will also be countable. On the other hand, if A¢, is countable for at least one m, then
(Un>145)° = Ny 1A € AS will be countable.

We now show that P is o-additive. Indeed, suppose that the A, are two by two disjoint. If every A, is
countable, U,>1A, will also be countable. So P(U,>14,) = 0 = }},51 P(A;). On the other hand, if A;, is
not countbale for at least one m, then, since the A, are disjoint, A, C A¢, for each n # m. Thus, P(A,) =0
for each n # m and we then have P(U,>14,) = 2.1 P(A,) = P(A,) = 1.

Exercise 6
We define

Er={ieN:2%1<i<2?§} and Fr={ieN:2%<i<2?Y} fork>1.
Observe that #E;, = 2! and #F; = 2 for every k > 1.

1. For (a) consider the set A = Uy E) . Forn = 22m we have

#AN{1,2,...,22") XL #E (2)(22m - 1)

22m 22m - g 22m

and so
o #HAN{L2,...,27m) 2
lim = § .

m—oo 22m




A similar computation gives

o #HAN{L2,...,27 )
lim ==
m—oo 22m+1 3

From this, we conclude that the whole sequence does not converge.

. Ais not an algebra and, consequently, it is not a o-algebra. Indeed, let P and I be the set of even
and odd numbers, respectively. We can consider the subsets

B = (Uk>1 (ExN P)) U (Uk>1 (Fk f”)) :
It is not difficult to see that

. #PNn{,2,....,n}H) 1 . #Bn{l,2,....,n}H) 1
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and then B and P belong to A. On the other hand, BN P = (Uk>1 Ek) NP=ANPandso BNP ¢ A
by a similar argument to the previous item.



