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Exercise 1. (Extension of the Feynman-Kac Formula)

Let q, f, σ : R −→ R be bounded Borel functions. Assume that the equation
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with the initial condition u(0, x) = f(x), x ∈ R, admits a unique bounded solution, such
that ∂u

∂x
is bounded.

Assume that µ : R −→ R is a Lipschitz function and therefore there exists a constant
C ∈ R+ such that for all x ∈ R,

|µ(x)| ⩽ C(1 + |x|).

Show that
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where (X
(x)
t ) is the unique solution of the stochastic differential equation

dXt = µ(Xt) dt+ σ(Xt) dBt, X0 = x.

Exercise 2. (Properties of Brownian motion)

Let Bt be a d-dimensional Brownian motion. Show that:

(i) In d = 1 Brownian motion is recurrent, i.e. for any x ∈ R there is a (random)
increasing sequence tn → ∞ such that Btn = x.

(ii) In d = 2 Brownian motion is neighbourhood recurrent, i.e. for every x ∈ R2 and
ϵ > 0, the ball B(x, ϵ) is visited infinitely often.

(iii) In d ⩾ 3 Brownian motion is transient, i.e. it converges to infinity almost surely.
Hint: consider An = {|Bt| >

√
n ∀t ⩾ Tn} where Tn is the hitting time of B(0, n)c.

Hint: Use the link of Brownian motion and a solution to a Dirichlet problem. In
particular, note that:

u(x) = ϕ(|x|) =


c1|x|+ c2 if d = 1

c1 log |x|+ c2 if d = 2

c1|x|2−d + c2 if d ⩾ 3

solves ∆u = 0 on Rd\{0}.
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