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Exercise 1.

Let (By)tcjo,1) be a Brownian motion. Define the Brownian bridge (X;)cjo,1) by
Xt = Bt - tBl
Show that the probability density function of X; at fixed ¢ € (0,1) is given by

o) = e (—m) |

Are the increments of (X¢):e)0,1) independent, that is, are X, and X; — X, independent
for0 <s<t<1.

Exercise 2.

Let (X,)n=0 be an i.i.d sequence of N (0,1) random variables. For [,p € N with [ < p,
define

p—1 .
t
T, — sup nsm(n ) .
telo,m] |2
Show that ,
2 p—1 (p—1)2
E((T1,)°) < ot

Exercise 3.

Let (By)tcpo,1] be a Brownian motion with initial point x and p(t, z, ) be its density. Show

that
o _ 10

ot 20x2

Exercise 4.

Let (B, t > 0) be a Brownian motion. Fix s > 0 and define

Bta tSS

Xy = Bopt — (By — Bont) = {ZB Bt
s — Py .

Draw a picture of the processes (By, t > 0) and (X, ¢t > 0) and show that (X, ¢t > 0) is
again a Brownian motion.
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