Math 429 - Exercise Sheet 6

1. Show that a one-dimensional representation of any Lie algebra g is the same as a covector of

9/l9, 9]

(i.e. a linear map from the above vector space to the ground field).

Solution. A one dimensional representation of g is a Lie algebra homomorphism p: g — K. In particular,
p is linear and p([z,y]) = [p(x),p(y)] = 0 for all z,y € g. This means that p induces a linear map from
d/[g, g] to the ground field K. Viceversa, consider a covector ¥: g/[g, g] — K. Denoting with [z] the image of
x € g in the quotient g/[g, g], we can define a representation as above by setting p(z) = ¢([z]) for all = € g.

2. Use the Poincaré-Birkhoff-Witt theorem to show that the universal enveloping algebra Ug of any Lie
algebra g (over any field) has no zero-divisors.

Solution. Let y,z € Ug such that yz = 0. Denote as ¥ and Z the images of y and z in gr Ug, and write as
7=@o+ -+ @) and z = (Z)o+- - -+ (Z)& the associated decompositions with respect to the grading. The
assumption yz = 0 in Ug implies that gz = 0 in grUg, and in particular 0 = (72);+x = (§)i1(Z)x. However
() and (%) are nonzero, which yields a contraddiction, since the algebra gr Ug has no zero divisors by the
PBW theorem.

We can solve the excercise without invoking the PBW theorem by writing down explicitely the above
argument. Let y,z € Ug such that yz = 0. With the same notation as in the lecture notes, suppose
z2=21® -z, e Uggand y = y1 ® --- ®y; € Upg, for elements z;,y; € g. One can expand the tensor
products by writing the z;’s and y;’s with respect to a basis (z1,...,z,) of g. Then, we apply the proce-
dure in the proof of the PBW theorem, and get the expansion of z and y in the PBW basis associated to
(21,...,2p). Explicitely,

Y= Z ail,“,,inﬂjil R ® x;" + [terms of order < ],
i tin=l
j j (1)
z = Z bjy il @ -+ @ xlr + [terms of order < k],
]1++Jn=k

where a;, ... i, bj,.....j, € K and we may assume that not all of them are zero. When computing the product
yz, we can perform the same procedure and get

yz = Z iy inbjr gt TN @@ gin I 4 [terms of order < [+ kJ. (2)
i1etin=l,
1t tin =k
The assumption yz = 0 implies that the term of highest degree in (2|) vanishes, which is a contraddiction. Ob-
serve that the top degree parts in the expansions (1) and (2)) correspond to (7);, (Z)k, and (Z);xrespectively,
and the procedure shows that the product in gr Ug correspond to the product in Sg.

3. Suppose we have a Lie algebra g over a field of characteristic zero. While the assignment

1
Sg*)Uga xlxnﬁﬁ Z xo’(l)@"'®xa(n)
oceS(n)

is not an algebra homomorphism, show that it is a isomorphism of (infinite-dimensional) representations of
g. First you’ll have to make Sg and Ug into representations of g: use the adjoint representation and equation
(31) in the lecture notes.



Solution. Let z € gand y =y ® --- ® y; € Tg. According to equation (31) in the lecture notes, the
adjoint action induced by g on T'g is

ry=[Tn @y - QUutnE R Qut- -+ @@ [,y

This action descends on both quotients Sg and Ug. Let us fix a basis (x1,...,2,) of g, and in the following
we will denote as

L. [z, 2;] = 32, @}’ zx the sturcture constants,
2. 21, ..., fori; <... <4, the associated basis for Sg,
3. 2, ®---®ux;, for i <.+ <4y, the associated PBW basis of Ug, and
4. (x4 - rxy,, )™ = # des(m) To(iy) ® - ® Tg(;,,) the map in the text.
Observe that the bijection between the basis 2. and 3. does not give an isomorphism of g modules (for

example, we may assume that n = 3 and verify that x5 - (z1 ® x2) # 22 - (£122), whereas

1
T3 - 5(1“1 ® T3+ T2 Q@ x1) = (w2 - T122)™).

The association z;, ...x;, +— (x;, ---x;, )™ is a bijection between basis of two vector spaces and, so it
extendes to a linear isomorphism. In order to prove that such linear isomorphism is an isomorphism of g

modules, we verify that
xj . (.Z‘il e zim)sym = (.’,Ej . ‘T’il .. .Iim)sym. (3)

The left hand side in is

Z xa(ll " ® IU(im) = (4)

' seS(m)
% D 2520 @ @ i) T F Ta(in) 0 @ [T To(i))-
o€S(m)
The right hand side in is
([, i iy -2, )™ o (@, @y - [, 25, )™ (5)

Let us expand the kth term in the above sum

sym
sym __ Itk —
(Tiy -z, @] oo, ) = (%’l .. (Za ) ...zim> =
gzk 5 m jZk
E ap* (ziy o xp .z, E a E Ty @+ x Q@ To(i)-

UGS( ) o (i )th spot

We switch the sums in [ and ¢ in the above expression. For every o, we find x; in a fixed spot of the tensor
product, and the above is equal to

o(ix)th spot

]lk 1
Z Zx (i) © ( l)®"'®%(im):ﬁ Z To(iy) @+ @ |25, 23] @ @ To(i,,)-

! o'es(m) 1 " o€S(m)

The sum of these terms over all k and all ¢ in equals the left hand side , hence we get our claim .

4. Show that given abelian Lie algebras fh and §’, there is a one-to-one correspondence between Lie algebras
g such that
3(@)=bh and  g/5(g) =V



(such g are called 2-step nilpotent) and non-degenerate anti-symmetric bilinear forms

b x b —b

Solution. Let us consider a Lie algebra g such that 3(g) = b and g/3(g) = b’. For every x € g, denote as
T the image in g/3(g). Then,

[z,9] = [7,9] = 0

for all x,y € g, since b’ is abelian. This implies that [g,g] C 3(g), and the Lie bracket [-,-]: g x g — ¢
induces to a bilinear, non-degenerate, anti-symmetric form §’ x ' — . Viceversa, let ¢: b’ x h’ — b be a
non-degenerate anti-symmetric bilinear form. Then endow the vector space g = )’ & b with the Lie bracket

(@1, 1), (72,92)] = (0, d(z1, 72)).

It is clear that h C 3(g), and the other inclusion follows from the fact that ¢ is non-degenerate. Finally, the
isomorphism g/3(g) = b’ is obvious.

5. Consider any matrix Lie algebra g C gl,, (for some n large enough). Show that
h=gn {diagonal nxn matrices}
n=gn {strictly upper triangular n x n matrices}
b=gn {upper triangular n x n matrices}
are abelian, nilpotent, solvable Lie subalgebras of g (respectively).
Solution. By Proposition 11 in the Lecture notes, we have to verify that
bn = {diagonal nxn matrices}

n, = {strictly upper triangular n X n matrices}

b, = {upper triangular n X n matrices}

are abelian, nilpotent, solvable Lie subalgebras of gl,, respectively. The claim is trivial for b,,. Let us consider
n, whose elements are strictly upper triangular matrices. Then, very matrix in [n,, n,] has zeros on the main
diagonal and on the secondary diagonal

0 o . -
0 O 0 =
0o 0 ... ... 0
0o 0 ... ... 0
Tterating, this shows that eventually the series n, 2 [n,,n,] 2 ... is zero. Finally, we observe that
[0, b,] C .

Then, the fact thet n, is nilpotent implies that b,, is solvable.



