STATISTICS FOR DATA SCIENCE RaAJiTA CHANDAK AND MYRTO LIMNIOS

ANSWER SHEET 11
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Assignment 1. (i). XTX = (z1,...,2,) | : | =20, zial = X1, Xy + apal.
T
:En
(ii). (a) It suffices to verify that
Buv'B
A "B - ——| =
(A+uv )[ 1—|—’UTBU:| ;
where we denote B = A~ to simplify notation. We have
Buv'B w’ B u{v? Bulv” B
A "NB- ——r—| =1 - ———— 'p- 4+ L —
(A+uw) [ 1—|—’UTB’LL:| 1+vTBu+uv 1+ vTBu
T
_ T uv B T
=1

We used that AB = I, and that the expression {v7 Bu} is a scalar and thus
commutes with any matrix.

(b) Write C = X7 X. and use (a) :
(XTI XT ) = (C — apaf) ™
C’_lxkfn;‘gC’_l
1—alC-1gy,
Clzpal
=(I1+—"k )t
< T )
XTX -1 T
= (714 ( ) LTy (XTX)il,
1 — hgg
where we have used $;£C'_1xk = (X(XTX)_lXT)kyk = h.
(iii). Recall that y = (y1,...,yn)? with y; € R and e = (eq,...,e,)? is the residual vector.
(a) XTy=(21,...,20)y = Do TiYi = kay + TrYk-
(b)

=14

o (XTX) XDy = 2l (XTX) "Xy — 2iyn)
= Uk — hixyr
= Yk — ek — Nk
= (1 — hk)yr — €k.

We have

-1
b= (Sl ) (T o)
itk itk
= (X5 X_p) XDy
_ <I ¢ EX) Ty
= (XTX) "N (XTy — ypwr) + (1= ) (X7 X) g, (XTX) T Xy

) (XTX) " Xy
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and using (b),
B (XTX) gy + (1= k) " (X7 X0) 7 g [(1 = hyo )y — €]

=p-
B—(1—hy) len(XTX) e

(iv). We have

A~

J— Gk =XB~XB_y=X(B— k)= ex(1 — hyp) " X(XTX) g,

and so

19 = 5-kl* = (7 — 5-4)" (§ — 9—1)
=e (1 — hp) 22l (XTX) " UXTX)N(XTX) ey = €2(1 — hyg) 2 his.

Finally, recall that ry = - ff e

Assignment 2. We need to calculate the Fj’s defined in slide 406 :

df decrease in RSS MS F p-value
T4 1 RSSp— RSS4=1831.9 1831.9 (1831.9/5.98)=306.3 10~"
T3 1 RSSs — RSS34=708.2 708.2 1184 10-¢
T2 1 RSS3y — RSS934=101.89 101.89 17.04 0.003
x1 1 RSSa34 — RSS1234=25.95 25.95 4.3 0.07
résidus | 8  47.86 5.98

The residual degrees of freedom is n — p = 13 — 5 = 8 and each difference of RSS has one
degree of freedom, as we add one variable at a time. For the F-test we use the quantiles of
F g distribution, and if the p-value is smaller than o = 0.05 we add the variable to the model.
The results are very different from those in slide 407. Here we include the variables x4, x3
and z9 at level @ = 0.05, and even x; at level 0.1. In slide 407 the model only included x;
and zo. We see that the order matters in an analysis of variance.

Assignment 3. a) To decide whether to include the j-th variable or not in the model y =
Bo + > icr, Bixi we use the test statistic

_ RSS(B) — RSS(Brugy)
RSS(By)/ (13 - 5)

)

where Bfull is the estimator of 3 in the complete model. Since RSS(BL) - RSS(BLU{J}) ~
0?x? under the null hypothesis Hy : 3; = 0, and RSS(Bqu) ~ U2Xr21,p is independent of
RSS(BL) - RSS(BLU{J}), we know that F' ~ I} g under Hy. In particular, the distribution

of F' does not depend on the size of L, and the critical value of the F-test at 5% is always
5.32.

Forward selection At each step we consider adding the variable that leads to the
largest decrease of RSS.

Initial model : y = By + €

Step1:y=LFo+ Paxa+e F= %—30595>532

Step 2 : y = By + Baxg + P1x1 + €, FF=135.13 > 5.32.

Step 3 : y = By + Baxa + frx1 + PBoxe + €, F = 4.47 < 5.32.
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We choose the model y = By + Bax4 + S121 + €.
Backward selection At each step we consider removing the variable that would lead

to the smallest increase in RSS.
— Initial model : y = By + f1x1 + Poxa + B3xs + Baxg + €
— Step 1 :y = By + frx1+ Poxo + Paxg + €, F = % = 0.0167 < 5.32.
— Step 2 : y = B+ fix1 + Boxo + €, F = 1.65 < 5.32.
— Step 3 : y = By + Paxa + €, F = 141.70 > 5.32.
We choose the model y = By + foxo + S11 + €.

b) i) One uses Mallows’ C), like AIC : choose the model with the smallest value of Cj,. In
order to calculate the missing C), values, we need to find s2. This can be done using
any model for which C), is given. Alternatively, we can use it’s very definition :

&2 lesan||*  RSSpm  47.9

= = = 5.99.
n—p 13—-5 8

Here is the table with all C), values :

model RSS Cp | model RSS Cp | model RSS Cp

---- 27158 44258 | 12-- 57.9 267 123- 481 3.03
1-3- 12271 19794 | 12-4 48.0 3.02

1--- 12657 20239 |1--4 74.8 549 | 1-34 508 348

-2-- 906.3 14237 |-23- 4154 6238 | -234 738 7.325

--3- 19394 31490 |-2-4 8689 138.12

---4 8839 13862 |--34 1757 2234|1234 479 )

ii) With forward selection, we choose the model y = By + > ;¢ (1,24} Bix;. With backward
selection we choose the model y = By 4+ B1x1 + Boxo + €. This is also the model with
the smallest value of C).

Assignment 4.
For the Gaussian linear model y ~ N (X3, 021,), the likelihood of (3, 0?) is given by

: nj2 &XP <—2}‘2(y - XB)'(y - Xﬁ)) )

L(B,0°%) = (o)l

Then the log likelihood is

Ly X8y XB).

n
1(8,0%) = —§log(27ra2) T 9%

We have that the m.l.e. for 8 and o2 are
B=(X'X)"'Xy, 6% =—(y—XB)'(y— XB).
Hence the maximum for the likelihood is achieved at

A n

t - " n. .2 N
(y — XB)'(y — XP) = —5 log(2m) — S log 5™ — .

A n "
1(53,6%) = — log(2m6*) — 5

Vv
=ns2

By definition of AIC, we obtain that

AIC = —2l([§’, 62) + 2p = nlog(2n) + nlog 6% + n + 2p = nlog 62 + 2p + const.
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Assignment 5.
We have that

Pri=h- 1= hyj
Hence we have
whBy = ahB— (1= hyy) el (XIX) T a(y; — )
_ A hj; .
= YTz hy; (i — 95)
- y-+(1— ! )(y—@)
J 1— hjj J J
1

~

= Uity =0 W= 05)
73

where
1

1= hyj

(y; — 95)-

s
yj — ;i =

If we use formula (1), we have to estimate all the B,j, j = 1,...,n, hence proceed to n
adjustements. Instead formula (2), only the fitting of the full model is required.



