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Question 1

Consider the heat equation

t)=0, O<z<1,t>0, ¢>0,
u(0,t) =0, t>0,

t)=0, t>0,
u(z,0) =up(z), 0<z<l,

and the Crank-Nicholson scheme :
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(a) Prove that if 7 < A2, then || |00 < ||E"]]oo-
(b) Prove that, for every 7 > 0, [|[@" ]2 < [|@"]2.

Question 2

Let T>0, f:[0,1] x [0,T] = R, ug : [0,1] = R and f :[0,1] x [0,7] — R such that

du 0?u

E(x,t)—@(x,t):f(x,t), O0<z<l 0<t<T;
w0,6) =0, 0<t<T;
w(l,t) =0, 0<t<T;

u(z,0) =up(z), 0<z<l.

(2)

Prove that if f(z,t) > 0 V(z,t) € [0,1] x [0,T] and uo(z) > 0 Vx € [0,1], then u(z,t) > 0 V(z,t) € [0,1] x [0,T].

Indication : Write u as u = u; — u_, where u4 := max{u,0} and u_ := max{—u, 0}.

Question 3

Implement the upwind and Lax-Wendroff schemes for the transport equation :

0 0
—u(x,t)+co—u(x,t):(), 0<z<l, 0<t<0.48, co = V2

ot Ox
u(0,t) =0, t>0;
u(z,0) = ¢ 1000(z=0.2)% 0<az<l.

Compare both schemes at time 0.48 when h = 0.01, At = 0.006 and check convergence.

Question 4

Graded Exercise for Group 3

Consider the Lax-Wendroff scheme for the transport equation :

0 0

8—1;(3:,0 + 'coafZ(x,t) =0, z€R, t>0, cg>0;

u(x,0) = e™” zeR, meN".
(a) Check that u? = uly™, with v = 1 — a®(1 — cos(mh)) — iasin(mh), a = COTT.

(b) Check that |y]? =1+ a?(a? — 1)(1 — cos(mh))?, so that |y| <1 when o < 1.



