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Exercise 9.1
T

For the process Y; = (Yt(l)7 Yt(2)) generated by

YO Zx9 4o 1.2
with XM, X and ¢ independent and where ¢ is white noise. Write
jz Var (Xt(]))
2 = Var ()
Cov ( t-‘r)‘l" X(z))

g

(1,2)

L

Use 751’2) to denote the cross-covariance sequence between {Y;(l)} and {Yt@)}. Calculate the correlation

between {Y;(l)} and {Yt(z)} at all lags.

Solution 9.1

Since ¢; is white noise, and noting that X, and ¢, are independent, we have
1609 = Cov (v, ¥2)
= Cov (X{17, X)) + Cov (X(1,, ) + Cov (evsrs X)) + Cov (€147, )
= Cov (X{},, X)) + Cov (€147, )

B %172) +o? ifr=0,
A2 if 7 #£ 0,

and marginally

4D — Coy (Yu) Y(1)>

= Cov <Xt(1),X(1)) + Cov (€t7 Gt)

= 0‘% + 062,
finally we have
WP = o% + a2,
Therefore,
W ol
= —= ; if 7 =0,
(12 _ ) Voi+a2/o3+a?
/07' - ~(172)
i otherwise.

Vot +o2\/o3 + o2



Exercise 9.2
For the delay process, with « > 0 and v € Z

XM =ax? te, tez

where {e;} is white noise and {Xt@)} is stationary and uncorrelated with {e,} at all lags

(a) Calculate the correlation between {Xt(l)} and {Xt(z)} at all lags.

(b) Calculate the cross spectrum, and determine the amplitude (absolute value) and phase (argument) of the
cross-spectrum.

Solution 9.2
(a) Again noting that Xt(j ) and €; are independent, we have

'y Cov( H_)T,X(z))
= a Cov (Xt(i)Tﬂ,, Xt(z)) + Cov (et+7, Xt(z))

= a Cov (Xt(i)Tf,,, Xt(2))

2,2
additionally,
(1 D= =ao? 02 + a
(2>2)
Yo = os.
Therefore,
12 _ o
(2,2)
T V1402 /(ao2)?
(b) We have
e .
Siz2(f)= Y AhPe?mIT
T=—00
=« Z 7(2 2) —27rifT
T=—00
o0
:ae—Qﬂ'ifl/ Z 75.2’2)6_2‘””7
T=—00

_ 0452’2 (f) e—27rifu
showing that the amplitude is the spectral density of Xt(2) scaled by « and the phase is f — —27fv.

Exercise 9.3

(1)
For Y; = Y(z) ~ N(0,X) independently in ¢t with X = ( le 212 )7 determine the expectation and
21 022
(1, 2)

variance of 4,

=1

ﬁ(l,l) 7(1 ,2) 1 N—|7|
F= 17 Y. Y
L,Q’l) 7(2 2)] N Z



Solution 9.3

(1,2) 1 Ngl (1) y(2)
[ 12] _ vy
t+7+1
t=1
(R
= N E |:}/t+‘ry;t ]
t=1
_ J12 T =
1o r#0
N—|7|
Var0) = var (13 v
t=1
L Nl 2 ,
t=1
1 Ry (1) 2 (2) gy (1) x(2)+ (1)
- N2 Z I l:(YH-‘r) (Yt ) :|+ Z E [Yt—o—ryt YS_H_YS@)} _{E(ag_la))}z'
t=1 e

2 2
Note that E [(Yt(l)) (Yt@)) } = 011022 + 20}, since both Yt(l) and Yt(2) are Gaussian. Therefore, if 7 =0,

N 9 9 N
Var( _a, 2))) _ % ;E {(Yt(n) (Yt@)) } +;E |:Yt(1)Yt(2)YS(1)YS(2)} _ 2,
— L g:]E l:(yt(l))2 (Yt ) :| +ZE [ 1)Y ( )Y(2)} —0%2
N2 t=1 t#£s
= %(011022 +207,) + %Ufz — ol
= %(011022 +07y).
If 7 #0,
L[Nl 97 N-I7l
Var(G?) = ¢ 3 E [(Yﬁl) (v®) ] + Y ErOvrSy®
t=1 t#£s
= 2 (¥ = [r)lonon +0)
N —|7]
= 7011(712.

In summary,
E [%1’2)} = 01207,

N-—|r
N2

5. = 1 7=0,
0 7+#0.

Var (A(1 2)) (011022 + 0%257),

where



