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Exercise 8.1
Say that we observe X; for t € T' where T'= {1,...,n}. Recall that the periodogram is

SO (f) = Are T (1)

TEL

Show that

where

J(f) = \/ZZ (X — X) e 2mits, (3)

Solution 8.1
Recall that

{717 ?;JT‘(Xt*X)(XtHT\ -X) if 7| <n—1,

o 0 otherwise.

For notational convenience, define Y; = X; — X. Now we have

n—|7|

n—1
a 1 —2miT
SO ()= Y =D ViV

T=—n+1 t=1

1 n n
_ Z Z Y;YSe—Q‘lristQﬂ'itf
n

s=1t=1
=[J(HP.
Exercise 8.2
Recall that v = g * h means
U = thfshs (4)
SEZ
forallt € Z and V = G * H means
1/2
vin- [ GG = PHAT (5)
—1/2

Assume that g, h € ¢!, prove the following:



(a) h-g€ (' and h*g € lt,

(b) H € LY,

(¢) If vy = hy - g, then the Fourier transform of v is given by V = H * G,
d)

(d) If u = h * g then the Fourier transform of v is given by U = H - G.
(Note, here L! refers to functions with domain [—1/2,1/2].)

Solution 8.2
(a) Firstly, consider v = h - g, then we have

< hl 3 lgsl

teZ SEZL

= [|All; llglly
< 0.

Secondly, consider u = h * g

lully = fue]

teZ
= Z Z gtfshs
SEZ

teEZ

< Z Z ‘gt—shs|

tEZ sEL

=D 1hsl D lgsl

SEZ €L

= [l [lglly
< 00,

where the interchange of summation is justified because h, g € ¢.

(b) We have for any f € [-1/2,1/2]

[H(f) =

Z ht6727ritf

teEL

S2|ht|

teZ
= [lhelly

< oQ.

Therefore,
1/2
/ GHIAf < lgill, < o0
—1/2

as required.



(¢) Letting v="h-g,
V()= ve 2

teZ

— Z htgt€727”-tf

teZ
1/2 L )
_ H(f/)627mtf df/gt6727”tf
tez /—1/2
1/2 . )
= [ H()Y gre Iy
—-1/2 tez
1/2

= H(f)G(f = f)df

—1/2

where we use the Fourier inverse since h € £, and interchanging of the sum and integral is justified because
HecL'and g € (L.

(d) Let u = g * h, then its Fourier transform is

U(f) _ Z ut672m’tf

tEL

= Z Z G shge 2Tit=9)f o —2misf
teZ sel

= Z hse—27risf thfse_%”‘(t—s)f
SEZL tez

= Z hsef%risf ngE*Qﬂ'imf
SEZ ez

= H(/)G(f)

where interchanging terms in the summation is justified because h, g € ¢*.

Exercise 8.3
Replacing X with p, show that

where H is the discrete Fourier transform of h.

Solution 8.3
Again, relabel with Y; = X; — pand g; = hy for all t € {1,...,n}. Now we have

n
Z gt}/;fe_2ﬂift
t=1

- Zni zn: G19sY;Yye 2l (t=9)

t=1 s=1

2

S () =

n—1 n—|7|

= D D B VYo

T=—n4+1 t=1



Therefore

n—|7|

n—1
20] = 55 b

T=—n+1 t=1

_ Z wT,yT6727rifT

TEL
where if we define hy =0 for t € Z\ T
Wr = Z htht+7.
tez
By the convolution theorem, we have that
() 1/2
B[S ] = [ SUwi-par

Wherg VI{ is the discrete Fourier transform of w. Now setting for all ¢ € Z, iLt = h_; and h; = hy, we see that
w = h* h, and so by application of the convolution theorem again

W(f)=H(H)H(f)
= [H ()"
This gives the desired result.

Exercise 8.4

Consider the case that {X;} is a white noise process with variance 0. Prove that L/S'\,Sp ) (f) is unbiased for all n
if [[All; = 1.

Solution 8.4
Recall that the spectral density function of a white noise if S (f) = o2. Thus have for any f € R

1/2

3 2
B[S ] = [ semu=ray
1/2 ,
= / S(f—=f)IHN| df (relabelling and periodicity)
~1/2
1/2 ,
=0’ / [H(f)]"df’ (because white noise)
~1/2
1/2 ' ,
=0’ Z Z hihs / e 2milt=)f q ! (definition of discrete Fourier transform)
teZ sel —1/2
= - |Inll;

where the last line follows because if T € Z

1/2 : _
/ 6727ri‘rfdf _ 1 lf T =0,
-1/2 0 ifr 7& 0.

Therefore, if ||h||§ = 1 then

as required.



