
Time Series Exercise Sheet 8

Sofia Olhede

April 10, 2025

Exercise 8.1
Say that we observe Xt for t ∈ T where T = {1, . . . , n}. Recall that the periodogram is

Ŝ(p) (f) =
∑
τ∈Z

γ̂τe
−2πifτ . (1)

Show that

Ŝ(p) (f) = |J(f)|2 , (2)

where

J(f) =

√
1

n

∑
t∈T

(
Xt − X̄

)
e−2πitf . (3)

Solution 8.1
Recall that

γ̂τ =

{
1
n

∑n−|τ |
t=1 (Xt − X̄)(Xt+|τ | − X̄) if |τ | ≤ n− 1,

0 otherwise.

For notational convenience, define Yt = Xt − X̄. Now we have

Ŝ(p) (f) =

n−1∑
τ=−n+1

1

n

n−|τ |∑
t=1

YtYt+|τ |e
−2πiτf

=
1

n

n∑
s=1

n∑
t=1

YtYse
−2πisfe2πitf

= |J(f)|2 .

Exercise 8.2
Recall that u = g ∗ h means

ut =
∑
s∈Z

gt−shs (4)

for all t ∈ Z and V = G ∗H means

V (f) =

∫ 1/2

−1/2

G(f − f ′)H(f ′)df ′ (5)

Assume that g, h ∈ `1, prove the following:
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(a) h · g ∈ `1 and h ∗ g ∈ `1,

(b) H ∈ L1,

(c) If vt = ht · gt, then the Fourier transform of v is given by V = H ∗G,

(d) If u = h ∗ g then the Fourier transform of u is given by U = H ·G.

(Note, here L1 refers to functions with domain [−1/2, 1/2].)

Solution 8.2
(a) Firstly, consider v = h · g, then we have

‖v‖1 =
∑
t∈Z

|vt|

=
∑
t∈Z

|htgt|

≤
∑
t∈Z

|ht|
∑
s∈Z

|gs|

= ‖h‖1 ‖g‖1
< ∞.

Secondly, consider u = h ∗ g

‖u‖1 =
∑
t∈Z

|ut|

=
∑
t∈Z

∣∣∣∣∣∑
s∈Z

gt−shs

∣∣∣∣∣
≤

∑
t∈Z

∑
s∈Z

|gt−shs|

=
∑
s∈Z

|hs|
∑
x∈Z

|gx|

= ‖h‖1 ‖g‖1
< ∞,

where the interchange of summation is justified because h, g ∈ `1.

(b) We have for any f ∈ [−1/2, 1/2]

|H(f)| =

∣∣∣∣∣∑
t∈Z

hte
−2πitf

∣∣∣∣∣
≤

∑
t∈Z

|ht|

= ‖ht‖1
< ∞.

Therefore, ∫ 1/2

−1/2

|G(f)|df ≤ ‖gt‖1 < ∞

as required.
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(c) Letting v = h · g,

V (f) =
∑
t∈Z

vte
−2πitf

=
∑
t∈Z

htgte
−2πitf

=
∑
t∈Z

∫ 1/2

−1/2

H(f ′)e2πitf
′
df ′gte

−2πitf

=

∫ 1/2

−1/2

H(f)
∑
t∈Z

gte
−2πit(f−f ′)df ′

=

∫ 1/2

−1/2

H(f ′)G(f − f ′)df ′

where we use the Fourier inverse since h ∈ `1, and interchanging of the sum and integral is justified because
H ∈ L1 and g ∈ `1.

(d) Let u = g ∗ h, then its Fourier transform is

U(f) =
∑
t∈Z

ute
−2πitf

=
∑
t∈Z

∑
s∈Z

gt−shse
−2πi(t−s)fe−2πisf

=
∑
s∈Z

hse
−2πisf

∑
t∈Z

gt−se
−2πi(t−s)f

=
∑
s∈Z

hse
−2πisf

∑
x∈Z

gxe
−2πixf

= H(f)G(f)

where interchanging terms in the summation is justified because h, g ∈ `1.

Exercise 8.3
Replacing X̄ with µ, show that

E
[
Ŝ
(p)
h (f)

]
=

∫ 1/2

−1/2

S (f ′) |H(f − f ′)|2 df ′ (6)

where H is the discrete Fourier transform of h.

Solution 8.3
Again, relabel with Yt = Xt − µ and gt = ht for all t ∈ {1, . . . , n}. Now we have

Ŝ
(p)
h (f) =

∣∣∣∣∣
n∑

t=1

gtYte
−2πift

∣∣∣∣∣
2

=

n∑
t=1

n∑
s=1

gtgsYtYse
−2πif(t−s)

=

n−1∑
τ=−n+1

n−|τ |∑
t=1

gtgt+|τ |YtYt+τe
−2πifτ .
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Therefore

E
[
Ŝ
(p)
h (f)

]
=

n−1∑
τ=−n+1

n−|τ |∑
t=1

htht+|τ |γτe
−2πifτ

=
∑
τ∈Z

wτγτe
−2πifτ

where if we define ht = 0 for t ∈ Z \ T

wτ =
∑
t∈Z

htht+τ .

By the convolution theorem, we have that

E
[
Ŝ
(p)
h (f)

]
=

∫ 1/2

−1/2

S (f ′)W (f − f ′)df ′

where W is the discrete Fourier transform of w. Now setting for all t ∈ Z, h̃t = h−t and h̄t = ht, we see that
w = h̃ ∗ h̄, and so by application of the convolution theorem again

W (f) = H̃(f)H̄(f)

= |H(f)|2 .

This gives the desired result.

Exercise 8.4
Consider the case that {Xt} is a white noise process with variance σ2. Prove that Ŝ

(p)
h (f) is unbiased for all n

if ‖h‖22 = 1.

Solution 8.4
Recall that the spectral density function of a white noise if S (f) = σ2. Thus have for any f ∈ R

E
[
Ŝ
(p)
h (f)

]
=

∫ 1/2

−1/2

S (f ′) |H(f − f ′)|2 df ′

=

∫ 1/2

−1/2

S (f − f ′) |H(f ′)|2 df ′ (relabelling and periodicity)

= σ2

∫ 1/2

−1/2

|H(f ′)|2 df ′ (because white noise)

= σ2
∑
t∈Z

∑
s∈Z

hths

∫ 1/2

−1/2

e−2πi(t−s)f ′
df ′ (definition of discrete Fourier transform)

= σ2 · ‖h‖22

where the last line follows because if τ ∈ Z∫ 1/2

−1/2

e−2πiτfdf =

{
1 if τ = 0,

0 if τ 6= 0.

Therefore, if ‖h‖22 = 1 then

E
[
Ŝ
(p)
h (f)

]
= σ2

= S (f) ,

as required.
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