EPFL - SMA MARTINGALES AND APPLICATIONS
Prof. R. Dalang SPRING 2025

Solution to Problem Set 13 May 20, 2025

Exercise 1.
Let (B, t € [0,1]) be a process identical to (B{”, ¢t € [0,1]) and independent. Then
define B®) = tB(f), for all t > 1. Note that (Bt(g), t > 1) is independent of (Bt(l), te
[0,1]) and that it satisfies properties (a) and (b) of the definition of Brownian motion.
Now, define
BY if t € [0,1],
t:{3944#”—39 if £ > 1.

We already note that the trajectories are continuous by construction. It remains to show
that (By, t > 0) satisfies properties (a) and (b) of the definition of Brownian motion. We
begin by verifying (a). There are three cases.

e Case 1: t+ s < 1. In this case,
Biys — B, = BY. — B s N(0,1)

s

since (Bt(l), t > 0) satisfies (a) of the definition of Brownian motion.

e Case 2: s > 1. In this case,
Bia— By = B4 BY, - BY - B o 4 B
= Bgi)s — B® ~ N<Ov t)?

S

since (B, t > 0) satisfies (a) of the definition of Brownian motion.

e Case 3: s <1< t+s. In this case,

Biy.—B. = B +B{, - B - BV

1 3 3
= (B{" - BY) + (BY, - BY).
But the two random variables B%l) — B{" and Bfi)s — BF’) are Gaussian, centered and
independent. Their sum is a centered Gaussian random variable whose variance is the
sum of the variances. Thus, B, s — Bs ~» N(0,t).

This shows that the process (B, t > 0) satisfies property (a) of the definition of Brownian
motion. It remains to show that it satisfies property (b). Let t; < to < t3 < t4 be positive
real numbers. Again, there are several cases to discuss.

e Case 1: t, < 1. Then the increments considered are those of the process (Bt(l), t €10,1])
and they are independent because the increments of BM) are independent.

e Case 2: t; < 1 < ty. In this case, the increments are
Btz - Bt1 = Bil) + Bt(j) - B§3) - Bt(ll)’

B - B, = BY+BY - B B
3 3
BY - BY.
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And the increments are indeed independent, because (Bt(l)) and (Bt(3)) are independent,
and B®) satisfies property (b) of the definition of Brownian motion. The remaining cases
t <ty <1<ty <ty ty <ty <t3< 1<ty andt; > 1 can be verified in the same way
as above.

Exercise 2.

(a) Let w bein F. Then there exists a ¢, € [0, 1] such that B;  exists and is finite. That
is,

|Bi(w) — By, (W)

. . /
T I
Then, by the definition of the limit, one can find N € N and n € N* such that

3
|Bi(w) — By, (w)| < N[t —to|, for all ¢t such that |t — o] < —

Thus w belongs to G'n,, which shows the inclusion.

(b) Let w € Gn,. Then there exists a ty € [0,1] and an ¢ € {1,...,n — 2} such that
to € [’ L %] and

—1 1+2
|Bi(w) — By, (w)| < N|t —to|, forallte [Z ,Z+ } :
n n

Then, by the triangle inequality, we have
Bi(w) — Bﬂ(w)] < ‘Bi( ~ By (w ‘ n ‘Bto - B@(w)‘

2 3
n n

BEE

——to
n

Similarly,

Thus, Y ,(w) < % and hence w belongs to Hy ,. This inclusion is thereby estab-
lished.

(c) By properties (a) and (b) in the definition of Brownian motion, the collection

(‘Bm — Biijs
n n

j=0,1,2)

is i.i.d. with law N(0, %) The maximum of these three increments will be less than
% if and only if all three increments are less than % Hence,

Pl < ST = (] <57))
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Moreover, using the scaling property, we have

o a2 - (s <)

Then,

5N 3
i N3 = 1 .2
P(Hyn) < n(IP’{|B1| S—f/ﬁ}) ——n(g/of \/%6—7 dx)

5N 3 3
< 2/\5 1 d <1ON> 1 .0
<n —dr | =|—=] — )
o V2 V2r/ \/n n—oo
Finally, note that Gy, C Gnn+1. Then, the inclusions we have established in parts
(a) and (b) allow us to conclude. Indeed, we have

m—o0 m—o0

This shows that P(Gn,,) = 0 for all n € N* and for all N € N, and hence P(F") = 0.

Exercise 3.

1. The continuity of B implies that Z is almost surely closed. So we only need to check
that it almost surely has no isolated points.
We define 7, := inf{t > ¢ : B, = 0}, which is almost surely finite for all ¢ because Z
is unbounded. Since B, = 0, by the strong Markov property, we know that By,
is again a Brownian motion. Furthermore, for any Brownian motion B, we almost
surely have inf{t > 0 : B; = 0} = 0. Thus, almost surely, for every ¢ € Q, 7, is
not an isolated point.

Finally, if t € Z\ {7, : ¢ € Q"}, we consider a sequence of rational numbers ¢, 1 ¢,
and we observe that ¢, < 7, <{, hence t is not isolated.

E UOOO 1Z(t)dt] :/OOO]E[1{BFO}] dt:/OOOIP’[Btzo] dt = 0.
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