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Exercise 1.

Assume that we know how to construct a process (B
(1)
t , t ∈ [0, 1]) that satisfies conditions

(a) and (b) of the definition of standard Brownian motion and such that the mapping

t 7→ B
(1)
t (ω) is continuous on [0, 1]. Construct a process (Bt, t ⩾ 0) that is a standard

Brownian motion such that the mapping t 7→ Bt(ω) is a continuous function on R+.

Exercise 2.

The goal of this exercise is to show that the sample paths of Brownian motion are nowhere
differentiable.

(a) Let F = {∃ t0 ∈ [0, 1] : B′
t0
exists and is finite}, and for N ∈ N and n ∈ N∗, let

GN,n =

ß
∃ t0 ∈ [0, 1] : |Bt −Bt0| ≤ N |t− t0| if |t− t0| ≤

3

n

™
.

Show that F ⊂
⋃

N∈N
⋃

n∈N∗ GN,n.

(b) For 1 ≤ k ≤ n− 2, define

Yk,n = max
j=0,1,2

∣∣∣∣B Åk + j

n

ã
−B

Å
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n

ã∣∣∣∣ ,
and

HN,n =
n−2⋃
k=1

ß
Yk,n ≤ 5N

n

™
.

Show that GN,n ⊂ HN,n.

(c) Check that P
{
Yk,n ≤ 5N

n

}
=

(
P
{∣∣B (

1
n

)∣∣ ≤ 5N
n

})3
and deduce that limn→∞ P(HN,n) =

0, and hence that P(F ) = 0.

Supplementary Exercise

Exercise 3. Zero-set of Brownian motion

Let Z be the zero set of a one-dimensional Brownian motion B = (Bt, t ∈ R+), that is,
Z = {t ∈ R+ : Bt = 0}. Show that:

(a) Z is almost surely a perfect set, that is, a closed set with no isolated point;

(b) the length of Z is almost surely zero.
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