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Exercise 1.

Let (Bt, t ⩾ 0) be a standard Brownian motion, µ ∈ R, and define Zt = Bt + µt. Let
f : R → R be a twice continuously differentiable function with bounded second derivative.
Show that

lim
h↓0

E[f(Zt+h) | Zt = x]− f(x)

h
= µf ′(x) +

f ′′(x)

2
.

Exercise 2.

Let (Bt, t ⩾ 0) be a standard Brownian motion. Define Mt = max0⩽u⩽t Bu.

(a) Find the joint density of (Mt, Mt −Bt).

(b) Find the density of Mt −Bt.

(c) Show that P{Mt > ξ | Bt = Mt} = exp

Å
−ξ2

2t

ã
.

Supplementary Exercises

Exercise 3.

Let B = (Bt, t ∈ [0, 1]) be a standard Brownian motion. Use B to construct a stochastic
process W = (Wt, t ∈ [0, 1]) such that for all n ∈ N, 0 < t1 < · · · < tn and subsets
A1, . . . , An of R,

P{Bt1 ∈ A1, . . . , Btn ∈ An} = P{Wt1 ∈ A1, . . . ,Wtn ∈ An},
(that is, B and W have the same marginal distributions), but W is almost surely discon-
tinuous.

Exercise 4. Brownian motion has no interval of monotonicity

Let B = (Bt, t ∈ R+) be a standard Brownian motion. Show that almost surely, the samle
paths of B have no interval of monotonicity, that is, almost surely, for all 0 < a < b < ∞,
t 7→ Bt is not monotone on [a, b].

Exercise 5. Passage times at fixed levels for a Brownian motion

Let a, b > 0 and set

T−a,b = inf{t ⩾ 0 : Bt ∈ {−a, b}}, Tb = inf{t ⩾ 0 : Bt = b}.
Show that P{T−a,b < ∞} = P{Tb < ∞} = 1.
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