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Professor J. Duparc MATH-318 Set Theory May 7, 2025

Solution Sheet n°11

Solution of exercise 1:

We extend F' to F' by adding a finite number of formulae necessary to show
the properties of V,, and of the relation “M | ¢” of satisfaction for sets. Let
¢ be the conjunction of the formulae of F' and let ¢ : Ja (Vo = ). Since I’
extends ZF, ZF proves the reflexion theorem (Ex 2 Sheet 10), and I' F ¢, it
follows that T" F .

We now show that if F' I~ 1), then I' is inconsistent. Indeed suppose that
F'+ 1, and work in F' to find a contradiction, this will be enough since it implies
that I is inconsistent.

Since F' I 1), there exists a minimal S such that V3 = ¢. Now, since, by
reflexion, ¢ I 1, we have V3 |= 9, i.e. there exists a < 3 such that (V,, = ¢)"s.
Now a < 3, so (p¥=)Vs is equivalent to ¢"~. Therefore, we have obtained that
there exists a < 8 with V,, |= ¢, contradicting the minimality of .

Solution of exercise 2:

1. — Suppose that p IF —=(=¢p A =1). Then for all ¢ < p, ¢ If =p A =1, i.e.
q ¥ = or q If —1p. We show that the set of r < p such that r IF ¢
or r IF 7 is dense below p. To see this, suppose that ¢ < p. We have
qlf —p or qlf -p. If q¢ If —¢, then there exists r < ¢ such that
r IF . Similarly if ¢ If =1, then there exists r < ¢ with r I . In
both cases we have found r < g with r |- ¢ or r I 1.

< Suppose that {¢ < p | pF ¢V pl- ¢} is dense below p and let us
show that p IF =(=¢ A =)). Indeed, p IF —(=p A ) if and only if
{q ] qW —¢Vqlf -} is dense below p. Now, for all » < p there
exists ¢ < r such that ¢ I ¢ or ¢ I- %, and therefore q If ¢ or q Iff 1.

2. We have that ¢ — ¥ = —¢ V 9. By the previous point, ¢ IF = Vv ¢ iff
{q | qF —¢pVqlF 4} is dense below p. It is enough therefore to show that
{g|qF =V qlk} is dense below p iff =3¢ < p (¢ Ik o A gk —).

— By contraposition, if there exists ¢ < p with ¢ IF ¢ and ¢ I+ =1, then
for all r < q we have r I ¢ and r Iff 1, therefore for all r < p r If —p
and r Il 1. Therefore the set {q | ¢ IF =@V ¢ IF ¢} is not dense below
p.

+ Suppose ~3g < p (¢ IF ¢ A g Ik =), let us show that ¢ IF —¢ V 1, this
is enough by the previous point. Let ¢ < p, then we have g | ¢ or
q I =, there exists therefore r < ¢ such that r IF —p or r I ).

3. Recall the following Lemma, (Lemma 309 of the Lecture Notes):

Lemma. The following are equivalent:

(a) plko(T1,. ., Tn);
(b) for allr <p, vk o(r1,...,7n);
(c) the set {r € P |rlF @(11,...,m)} is dense below p.



Now, we have that Yvp(v) = =Jv-p(v).

— Suppose p I =Jv=p(v) and let 7 € VF. For all ¢ < p the set {r < p |
Jo € VP r I =p(0)} is not dense below g. Therefore there exists, in
particular, r < ¢ such that for all s < r, s | —¢(7), i.e. there exists
s¢ < s with s, I (7). This shows that the set {q | ¢ IF ¢(7)} is
dense below p. By the Lemma above we thus obtain p IF ¢(7) as we
wished.

« If plF o(7) for all 7 € V¥, then, by the Lemma above, g IF ¢(7) for all
q < p. Thus for all ¢ < p and all 7 € VF, we have that q | —(7)
and therefore {r < ¢ | 30 € V¥ r I p(0)} is empty. It follows that

p Ik =Fv—p(v).

Solution of exercise 3:

1. Notice that the notion of atom is absolute for M. We work in M to show
the existence of a P-generic filter: let p € IP be an atom of P. We define,
by comprehension (in M), the set G, ={g € P |Ir e P(r <pAr <gq)}
of the elements of P which are compatible with p. Clearly G, is upward
closed and moreover if ¢,¢" € G), then there exist 7,7’ < p such that ¢ > r
and ¢’ > r’. Now, since p is an atom, r and r’ are compatible, therefore
there exists s < p with s < r and s < ¢/, and, finally, s € G, with s < ¢
and s < ¢’. To see that G, is P-generic over of M, it is enough to notice
that if D C P is dense, then there exists r < p with » € D; but then
r € Gp.

2. Tt is clear that in V, since M is countable and transitive, [P is countable and
therefore P(P) has cardinality 2%. Therefore the set G of the P-generic
filters over of M has cardinality < 2Ro

We now show that |G| > 2%, To do so, we define an injective application
of 2¢ in G. For each finite sequence s € 2<%, we define an element p, of P
such that:

e s C ¢ implies ps > py,

b ps"OJ—ps’“la
o for all a € 2¢:
Ga:{qep‘anqua[n}

is a filter which is P-generic over M.

Towards this goal we fix (in V') an enumeration (D,,) of the dense subsets
of P which belong to M and then procede by induction on the length of
s: choose py € Dy, then for s € 2™, since ps is not an atom, there exist
ro,m1 < ps with rqg L r1. Since D, is dense, there exist pg~g,ps~1 €
Dyy1 with pg~g < 7o and pg~1 < rq1. This construction yields the desired
application: indeed, the function a — G, is injective.

Solution of exercise 4: Consider in M the following set:

Q:{qEP|qH-* w(Tl,...,Tn)}.



We show that @ is dense below p. Towards a contradiction, let us assume that
there exists some s < p such that for all ¢t < s

te (1,0, Th).
This implies
sl =(T1, ..oy Th)-

Since s < p and p Ik, o(m1,...,7,), we also have (by Lemma 306 from the
lecture notes):

sl o(r1, ..., Tn)

we end up with
slbe (@(T1, s o) A0(T1, . Th))-

(By Lemma 286 from the lecture notes) there exists some filter G P-generic over
M such that s € G. By the Truth Lemma, we have

(s €EGA (sl ga(Tl,...,Tn))M A (s Ik =tp(re, ... 7Tn))M)

implies
M[G] E ¢(11,...,m7) and MIG] E ¥ (m1,...,7n)
Now, since
F Vay ...V, ((,0(331, cey Xp) —> (21, .. ,xn))
we have

E V... Va, (cp(:cl, ceyy) — (... ,xn))
and in particular
M[G] EVay ... Vo, (o(@1,...,2n) — (z1,..., 7))
which yields
M[G] & (gp(ﬁ, ey Tn) — (T, - ,Tn))
By modus ponens this gives
M[G} ): w(Tla cee 7Tn)
which yields the following contradiction

M[G} ): (¢(Tla s 7Tn) A ﬁw(ﬁ, < 'aTn))'

So, we have shown that @ is dense below p, and by Lemma 309 we obtain

(p s P(r1, )



