
Professor J. Duparc MATH-318 Set Theory April 30, 2025

Solution Sheet n◦10

Solution of exercise 1:
1. Since p2 ⊥ p3 and G is a filter with p2 ∈ G, necessarily p3 ̸∈ G. Moreover since

p1 ≥ p2 ∈ G, we have also p1 ∈ G. Thus (σ)G = {∅} = 1, (τ)G = {∅} = 1 and
(ν)G = {(τ)G, (σ)G, ∅} = 2.
Similarly, (σ)G′ = {∅} = 1, (τ)G′ = 2 and (ν)G′ = {0, 2}.

2. We have p2 ⊩∗ 1̌ = σ if and only if both (a) and (b) below are satisfied:

(a) for all (π1,s1) ∈ 1̌, the following set is dense below p2:

Dα(π1,s1,σ) =
{
q ∈ C | q ≤ s1 −→ ∃(π2,s2) ∈ σ

(
q ≤ s2 ∧ q ⊩∗ π1 = π2

)}
(b) for all (π2,s2) ∈ σ, the following set is dense below p2:

Dβ(π2,s2,1̌) =
{
q ∈ C | q ≤ s2 −→ ∃(π1,s1) ∈ 1̌

(
q ≤ s1 ∧ q ⊩∗ π2 = π1

)}
.

Since 1̌ = {(∅, ∅)} (where ∅ also denotes the maximal element of C), and σ = {(∅, p2), (∅, p3)},
we have to show that:

(a) for all (π1,s1) ∈ 1̌, the following set is dense below p2:

Dα(∅,∅,σ) =
{
q ∈ C | q ≤ ∅ −→ ∃(π2,s2) ∈ σ

(
q ≤ s2 ∧ q ⊩∗ ∅ = π2

)}
=

{
q ∈ C | ∃(π2,s2) ∈ σ

(
q ≤ s2 ∧ q ⊩∗ ∅ = π2

)}
⊇

{
q ∈ C |

(
(∅, p2) = (π2,s2) ∈ σ ∧ q ≤ s2 ∧ q ⊩∗ ∅ = π2

)}
=

{
q ∈ C | q ≤ p2 ∧ q ⊩∗ ∅ = ∅

}
=

{
q ∈ C | q ≤ p2

}
(which is obvious since Dα(∅,∅,σ) contains the whole cone below p2);

(b) for all (π2,s2) ∈ σ, the following set is dense below p2:

Dβ(π2,s2,1̌) =
{
q ∈ C | q ≤ s2 −→ ∃(π1,s1) ∈ 1̌

(
q ≤ s1 ∧ q ⊩∗ π2 = π1

)}
which comes down to checking that the following two sets are dense below p2:

i.
Dβ(∅, p2, 1̌) = {q ∈ C | q ≤ p2 → (q ≤ ∅ ∧ q ⊩ ∅ = ∅)}

= C

ii.
Dβ(∅, p3, 1̌) = {q ∈ C | q ≤ p3 → (q ≤ ∅ ∧ q ⊩ ∅ = ∅)}

= C.

3. We have, by point (1), that (τ)G = 1 and (τ)G′ = 2. If it were the case that p1 ⊩ 2̌ = τ ,
since p1 ∈ G, by the Truth Lemma M [G] |= 2 = (τ)G but this does not hold. Similarly,
if p1 ⊩ ¬ 2̌ = τ , then since p1 ∈ G′ and M [G′] |= (τ)G′ = 2 we obtain a contradiction
to the Truth Lemma.
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Solution of exercise 2:

1. By Lemma 287 seen during class, it is enough to show that for all p ∈ C there exists
q, r ∈ C with q ≤ p, r ≤ p and q ⊥ r. Let p ∈ C; since Dom(p) is finite, there exists
n ∈ ω\Dom(p). It is therefore enough to take q, r ∈ C defined by Dom(q) = Dom(r) =
Dom(p) ∪ {n} and:

q(k) = r(k) = p(k) if k ∈ Dom(p), q(n) = 0, and r(n) = 1.

2. For each n ∈ ω, the set Dn = {p ∈ C | n ∈ Dom(p)} ∈ M is dense. Indeed, the set Dn

is definable by comprehension in M (because C ∈ M and ω ∈ M) and moreover for
all p ∈ C if p ̸∈ Dn, i.e. n ̸∈ Dom(p), then q ∈ C defined by q = p ∪ {(n, 0)} satisfies
q ≤ p and q ∈ Dn. Since G is C-generic over M , G intersects each Dn and therefore
{n ∈ ω | ∃p ∈ G n ∈ Dom(p)} = ω. Moreover each pair p, q ∈ G is compatible and
therefore, if n ∈ Dom(p) ∩Dom(q), then p(n) = q(n). Thus f =

⋃
: ω → 2.

3. Let g : ω → 2 with g ∈ M . The set Dg = {p ∈ C | p ̸⊆ g} is dense and belongs to
M . Therefore, there exists p ∈ C with p ̸⊆ g and p ∈ G and therefore fG ̸= g. So the
function fG : ω → 2 does not belong to M .

4. For each n ∈ ω ⊆ M , we have that ň is a C-name and therefore σ is also a C-name.
Moreover,

(σ)G ={(ň)G | (ň, p) ∈ σ ∧ p ∈ G}
={n | p(n) = 1 ∧ p ∈ G}
={n ∈ ω | fG(n) = 1}.

5. If X = (σ)G = {n ∈ ω | fG(n) = 1} ∈ M , then the following set must belong to M :

{(n, i) ∈ ω × 2 | (n ∈ X ∧ i = 1) ∨ (n ̸∈ X ∧ i = 0)}.

But this set is nothing else than the function fG. So we can conclude by point 3.

6. All finite subsets of ω belong to M since they are definable by comprehension (by
{k ∈ ω | k = n0 ∨ k = n1 ∨ · · · ∨ k = nl}). Therefore their complements also belong to
M . Since (σ)G ̸∈ M , it has to necessarily be infinite and co-infinite.

Solution of exercise 3:

1. Since f ∈ ωω ∩ M [G], by absoluteness of ω, M [G] |= f : ω → ω, i.e. M [G] |= ∀x ∈
ω ∃!y ∈ ω f(x) = y. By the Truth Lemma, there exists p0 ∈ G with

p0 ⊩ ∀x ∈ ω̌ ∃!y ∈ ω̌
˜
f(x) = y.

2. Since p0 ⊩ ∀x ∈ ω̌ ∃!y ∈ ω̌
˜
f(x) = y the same holds for every pk. Thus, for each k we

have pk ⊩ ∃!y
˜
f(ǩ) = y. Notice that the set

{q ≤ pk | ∃n ∈ ω q ⊩
˜
f(ǩ) = ň}

is dense below pk and in particular is non empty. Therefore, g is well defined and since
the enumeration k 7→ pk belongs to M , the function g also belongs to M .

3. Notice first of all that for all q ≤ p0 the set {r ∈ C | r ≤ q} is infinite and therefore
for all n there exists k ≥ n with pk ≤ q. Now let n ∈ ω and q ≤ p0; we want to find
k ≥ n and r ≤ q with r ⊩

˜
f(ǩ) = ǧ(ǩ). Let k ≥ n with pk ≤ q. By definition of g,

there exists r ≤ pk ≤ q with r ⊩
˜
f(ǩ) = ǧ(ǩ) as we wanted.
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4. By the previous point for each n ∈ ω, the following set is dense below p0:{
q ∈ C ⊩ ∃y ∈ ω̌

(
y≥̌ň ∧

˜
f(y) = ǧ(y)

)}
.

By Lemma 309, we have

p0 ⊩ ∃y ∈ ω̌
(
y≥̌ň ∧

˜
f(y) = ǧ(y)

)
,

hence,
p0 ⊩ ∀x ∈ ω̌ ∃y ∈ ω̌

(
y≥̌x ∧

˜
f(y) = ǧ(y)

)
.

By the Truth Lemma, since p0 ∈ G, we have that

M [G] |= ∀x ∈ ω ∃y ∈ ω
(
y ≥ x ∧ f(y) = g(y)

)
which we can abbreviate as

M [G] |= ∀n∃k ≥ n f(k) = g(k).

Therefore, f does not dominate g.
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