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Professor J. Duparc MATH-318 Set Theory May 14, 2025

Exercise Sheet n°12

During the lecture we will establish that if ZF is consistent, then we can have
a model of ZF in which the set of reals (R) is a countable union of countable
sets. The exercises of this week aim at showing some surprising consequences
of having R as a countable union of countable sets (Exercise 5).
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onto

A < B if there exists f: A RN B; A < B if there exists f : B — A.

Exercise 1: Give a proof of the following statements:
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1. ZFC R VAVB (A< B — A< B);
2. ZFC R VAYB ((ASBABZA) — A~B);
3. ZF I, (AC «— VAVB “forall g : B 2% A, there exists f : A —>

Bst. gof= id”);

onto

4. ZF FVAVB “if there exists f: A RN B, there exists g: B —— A”;

5. ZF F_VAVB “if there exists f : A Rl B, then there exists g :

P (A) =5 2 (B);

Exercise 2:
Show that Hartog’s Lemma is provable in ZF (without AC). Namely,

Given any set A, there exists some ordinal « such that « X A.

(Hint: Consider W = {(B, <p) C Ax(AxA) | (B,<p) is a well-ordering}.)

Exercise 3:
Briefly show that ZF proves that the following sets! are all equipotent:

e R o “Yw ® Y2
e “R o (Yw) ° w(“’2).

(Hint: you may use Cantor-Schrioder-Bernstein Theorem which asserts that
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A~ B holds if A,fB and BS A both hold, and was proved without AC).

Exercise 4: Give a proof of the following statements:

1. ZF b w; <2

(Hint: view some of the infinite sequences of 0’s and 1’s that contain
infinitely many 1’s as “coding” the well-orderings of the integers).

'We recall that “w = {f : N = N} and “2 = {f : N = {0,1}}.



2. ZF H “2 1wy <¥2.
(“2Uw; == (2 x {0}) U (w1 x {1}) is the disjoint union of “2 and w;.)

Exercise 5: Give a proof of the following statements:

1. ZF k. “if R is a countable union of countable sets, then wq Z w27,

(Hints:

(a) notice that since ZF proves R ~ ~(“2), the assumption “if R is a
countable union of countable sets. .. ” is equivalent to “if ~(“2) is a
countable union of countable sets...”

(b) Assume towards a contradiction that ~ (¥2) = U G, where (Gp)new
n<w
is some family of countable sets, and there also ezists some mapping

fw 17l wo,

(c) Show that H, = {s € “2 | 35S € G,, Ik < w S(k) = s} satisfies
Hniw.

(d) Define h:w — “2 by h(n) = f(ay,) where

an =min{a € wy | f(a) ¢ H,}.

(e) Show that h € ~(¥2) = U G, leads to a contradiction.)

n<w

2. ZF k. “if R is a countable union of countable sets, then there exists some partition R of R

such that R <R but R # R”.

(Hints:

(a) notice that the statement R Z R and RéR is equivalent to the

existence of some partition C of “2 such that “2 <C and C f “2.

onto

(b) make use of “2J wy < %2 and take any f:“2 2% @2 Jw; to form
the partition

C= {{s cw2|f(s)=a)|ze wzwl} - {f‘l[{x}] |z € wzum}.

1. Show directly that “2 § C.
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1. Show that C §w2 leads to a contmdiction.)



