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Professor J. Duparc MATH-318 Set Theory April 30, 2025

Exercise Sheet n°10

We denote by € the set:
{p: F — 2| F is a finite subset of w},
partially ordered by the relation p < ¢ if and only if p extends ¢, i.e.
p<q <= dom(p) 2 dom(q) and pgom(g) = P-
This notion of forcing is called Cohen’s Forcing.

Exercise 1: Let us consider the ¢-conditions p1 = {(0,0)}, p2 = {(0,0),(1,0)},
ps = {(0,0)(1,1)} and the €-names:

o ={(0.p2), (0, p3)},
T :{<U’p3)’ (Q)?pl)}a
v :{(T’p1)7 (J,pz), (@7102)7 (07273)’ (Tapfi)}'

Let M be a countable transitive model of “ ZFC” with € € M, G a filter which
is €-generic over of M such that ps € G and F' be €-generic over of M such that
ps € F.

1. Compute (0)g, (7)¢ and (v)g, as well as (o), (7)r and (V)p.
2. Show that py IF 1 = 0.
3. Show that p; I 2 = 7 and that p; If =2 = 7.

Exercise 2: Let M be a countable transitive model of “ ZFC” with ¢ € M
and G a filter which is €-generic over of M.

1. Show that G & M.
Show that fg = |JG is a function : w — 2.
Show that fo & M.
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Show that:
o={(np)|pe€CAp(n)=1} e MC,

where M? is the set of all ¢-names that belong to M. Also show that
(0)g ={new]| fa(n) =1}

5. Show that (o) & M.
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. Show that {n € w | fg(n) = 1} is infinite and co-infinite.

Exercise 3: We say that a function f : w — w dominates a function g : w — w
if there exists some integer n such that for all integers k > n f(k) > g(k) holds.
We will show the following;:



Theorem. Cohen’s Forcing does not add a dominant real.
i.e. for any €-generic filter G over of M there does not exist a real f € “wNM|[G]
which dominates all functions g € “w N M.

Let G be a filter which is €-generic over of a countable transitive model of
“ZFC” M, f € “won MI[G] and f be a €-name for f.

1. Show that there exists py € G such that

polFvVrewyew f(x) =y.
We fix a py € € which satisfies the previous point. Since € is countable in M,
we can fix, in M, an enumeration {py | k € w} of the set {g € €| ¢ < po}.

2. Show that we can define a function g € “w in M by:
g(k) =min{n | 3Ip <py pl- f(k) =n}.

3. Show that for alln € w theset {g€ €|k cw ¢+ (l;:éﬁ/\f(l%) = g(l?:))}
is dense below py.

4. Show that M[G] EVz ewIycw (y>z A f(y) =g(y)) and conclude.



