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Paper & pen: This booklet contains 6 exercises, on 36 pages, for a total of 100 points. Please
use the space with the square grid for your answers. Do not write on the margins. Write all
your solutions under the corresponding exercise, except if you run out of space at a given exercise.
In that case, continue with your solution at the empty space left after your solution for another
exercise. In this case, mark clearly where the continuation of your solution is. If even this way the
booklet is not enough, then ask for additional papers from the proctors. Write your name and the
exercise number clearly on the top right corner of each additional sheet. At the end of your exam
put the additional papers into the exam booklet under the supervision of a proctor, and sign on
to the number of additional papers on the proctor’s form. We provide scratch paper. You are not
allowed to use your own scratch paper. Please write with a pen, NOT with a pencil.

Duration of the exam: It is not allowed to read the inside of the booklet before the exam starts.
The length of the exam is 180 minutes. If you did not leave until the final 20 minutes, then please
stay seated until the end of the exam, even if you finish your exam during these 20 minutes. The
exams are collected by the proctors at the end of the exam, during which please remain seated.

Cheat sheet: You can use a cheat sheet, that is, two sides of an A4 paper handwritten by yourself.
At the end, we collect the cheat sheets.

CAMIPRO & coats: Please prepare your CAMIPRO card on your table. Your bag and coat
should be placed close to the walls of the room, NOT in the vicinity of your seat.

Results of the course: You can use all results seen during the lectures or in the exercise sessions
(that is, all results in the lectures notes or on the exercise sheets), except if the given question
asks exactly that result or a special case of it. If you are using such a result, please state explicitly
what you are using, and why the assumptions are satisfied.

Separate points can be solved separately: You get maximum credit for solving any point of an

exercise assuming the statements of the previous points, even if you did not solve (all of) those
previous points.

Assumptions: All rings are commutative and with identity.

Question: 1 2 3 4 5 6 Total

Points: 18 18 12 14 18 20 100

Score:
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Exercise 1
�
18 pts

�

Let R be a ring and let A,C be R-modules. In this exercise you can freely use that a short
exact sequence of chain/cochain complexes gives rise to a long exact sequence in homol-

ogy/cohomology. Let P

dA

ÝÝÑ A be a projective resolution of A and let R


dC

ÝÝÑ C be a projective

resolution of C. Let now
0Ñ AÑ B Ñ C Ñ 0

be a short exact sequence of R-modules. Recall that the Horseshoe lemma explicitly constructs

a projective resolution Q

dB

ÝÝÑ B of B such that Qn � Pn`Rn for every n ¥ 0 and the natural

morphisms Pn Ñ Qn and Qn Ñ Rn given respectively by the first inclusion and the second
projection yield morphisms of chain complexes.

(1) Construct explicitly the zero’th differential dB0 : P0`R0 Ñ B and show that it is surjective.

(2) Suppose now that we have constructed morphisms dBi : Qi Ñ Qi�1 such that pQ
, d
Q

 q is

a complex and such that the natural maps pP
, dA
 q Ñ pQ
, d
Q

 q and pQ
, d

Q

 q Ñ pR
, d

C

 q

explained before are morphisms of complexes. Show that pQ
, d
Q

 q is automatically a

(projective) resolution of B.

(3) Using the Horseshoe lemma, prove that for any R-moduleN we have a long exact sequence
involving the modules ExtipA,Nq, ExtipB,Nq and ExtipC,Nq with i ¥ 0.

Solution:

(1) (6 pts total) To construct a morphism P0`R0 Ñ B, we need to find morphisms P0 Ñ B
and R0 Ñ B. (1 pt) For the first map, simply consider the composition f : P0 Ñ AÑ B.
(1 pt) For the second map, since R0 is projective and B Ñ C is a surjection, there exists
a lift g : R0 Ñ B of dC0 . (2 pts)

Hence, let dB0 :� f `g : P0`R0 Ñ B, and let us hsow that it is surjective. Let b P B, and
let c P C be the image of b in C. Then there exists r P R0 such that dC0 prq � c. In other
words, dB0 p0, rq� b is in the kernel of B Ñ C, i.e. in A. But then, there exists p P P0 such
that d0Appq � dB0 p0, rq � b. Thus,

dB0 p�p, rq � �dB0 pp, 0q � d0Bp0, rq � b� dB0 p0, rq � dB0 p0, rq � b.

In other words, dB0 is surjective. (2 pts)

(2) (6 pts total) Since each Pi and Ri are projective modules, so are their direct sum Qi (1
pt). Hence, we only have to show that the complex made of Q
 and B at the very end
is exact. (1 pt) Let Q1


 denote this complex, and let P 1

 (resp. R1


) denote the analogous
complexes with A and C. Then we obtain a cochain of complexes

0Ñ P 1

 Ñ Q1


 Ñ R1

 Ñ 0.

Let us show that it is exact (i.e. it is termwise exact). At the first degree, this is exactly
the assumption that

0Ñ AÑ B Ñ C Ñ 0

is exact. For all the other degrees, the sequence is

0Ñ Pi Ñ Pi `Qi Ñ Qi Ñ 0

where the maps are the ones explained in the exercise. It is immediate to see that these
sequences are exact.
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Thus, we can apply the long exact sequence is homology to obtain a long exact sequence

� � � Ñ H ipP 1

q Ñ H ipQ1


q Ñ H ipR1

q Ñ . . .

Since both P 1

 and R1


 are exact by assumption, each groups H ipP 1

q and H ipR1


q vanish
by assumption. Hence, so do each H ipQ1


q, i.e. Q
 is a projective resolution. (4 pts)

(3) (6 pts total) Let P
, Q
 and R
 denote projective resolutions as in the Horseshoe lemma.
Applying Homp�, Nq gives us a cochain complex

0Ñ HompR
, Nq Ñ HompQ
, Nq Ñ HompP
, Nq Ñ 0.

If we knew that this was exact, then we would automatically conclude by the associated
long exact sequence in cohomology. (4 pts) Thus, we are left to show that it is exact.

In other words, we have to show that this sequence is termwise exact. Since Homp�, Nq
is left exact, it is enough to show that for all i ¥ 0, the map HompQi, Nq Ñ HompPi, Nq
is surjective. This is immediate, as for any map f : Pi`N , we can extend it to f`0: Pi`
Ri Ñ N . (2 pts)
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Exercise 2
�
18 pts

�

Let R be a ring. Throughout this exercise, you can use without proof that if R � S is integral
extension of domains, then R is a field if and only if S is a field.

(1) Let F be any field. Use Noether normalization to show that if F rx1, � � � , xns{I is a field,
then it is an algebraic extension of F .

(2) Let now K be an algebraically closed field. State the weak Hilbert Nullstellensatz and
prove it using the previous point.

(3) Use the weak Nullstellensatz to prove the full Nullstellensatz: for any ideal I � Krx1, . . . , xns,
we have an equality IpV pIqq � ?

I. (Hint: for any ring R and any g P R, the localization
Rg is zero if and only if g is nilpotent).

Solution:

(1) (5 pts total) Let R :� F rx1, . . . , xns{I. By Noether normalization, there exists an
integral extension F rt1, . . . , trs ãÑ R (the left term is really a polynomial algebra). (2
pts) Thus, if R is a field, then we know that F rt1, . . . , trs is a field too. This forces r � 0
(otherwise t1 does not have an inverse), so we have an integral extension of field F ãÑ R.
This is the same as saying that the extension R{F is algebraic. (3 pts)

(2) (5 pts total) TheWeak Nullstellensatz states that ifm is a maximal ideal ofKrx1, . . . , xns,
then we have that m � px1 � a1, . . . , xn � anq. (1 pt)

Now, let us show it, so letm � Krx1, . . . , xns be a maximal ideal. ThenKrx1, . . . , xns{m is
a field, so by the previous point, it is an algebraic extension of K. Since K is algebraically
closed, we deduce that the natural morphism θ : K Ñ Krx1, . . . , xns{m is an isomorphism.
(2 pts) Let ai � θ�1pxiq, and let us show that m � x1�a1, . . . , xn�anq. For a fixed i, we
have that xi � ai P Krx1, . . . , xns is sent to zero via Krx1, . . . , xns Ñ Krx1, . . . , xns{m �
K, so each xi � ai are in m. Thus, m � px1 � a1, . . . , xn � anq. Since this latter
ideal is maximal (the quotient of Krx1, . . . , xns by it is a field), we deduce that m �
px1 � a1, . . . , xn � anq. (2 pts)

(3) (8 pts total) If f P ?I, say fn P I, the fnpaq � 0 for all a P V pIq by definition. But
then, this shows that fpaq � 0 for all a P V pIq, so f P IpV pIqq. (1 pt)

Let us show the converse now, so let f P IpV pIqq, and let R � Krx1, . . . , xns. Our goal is
to show that f P ?I, or equivalently that f is nilpotent in R{I. To do so, we will actually
show that the localization pR{Iqf is zero. (2 pts) Since pR{Iqf � pR{Iqrts{ptf � 1q �
Rrts{ptf � 1, Iq, we want to show that ptf � 1, Iq � Rrts. (2 pts) If this was not the case,
then ptf � 1, Iq would belong to a maximal ideal, so there would exist a1, . . . , an, b P K
such that for all h P ptf � 1, Iq, hpa1, . . . , an, bq � 0. (1 pt)

Combining the following two cases gives rise to a contradiction.

� If pa1, . . . , anq P V pIq, then evaluatiing tf � 1 at pa1, . . . , an, bq gives �1 � 0.

� If pa1, . . . , anq R V pIq (say h P I � R such that hpa1, . . . , anq � 0), then the same
element h P ptf � 1, Iq � Rrts sends pa1, . . . , an, bq to hpa1, . . . , anq � 0. (2 pts)

27 January 2025 EPFL, Final exam, MATH-311, SCIPER: 42 7 / 36



27 January 2025 EPFL, Final exam, MATH-311, SCIPER: 42 8 / 36



27 January 2025 EPFL, Final exam, MATH-311, SCIPER: 42 9 / 36



27 January 2025 EPFL, Final exam, MATH-311, SCIPER: 42 10 / 36



27 January 2025 EPFL, Final exam, MATH-311, SCIPER: 42 11 / 36



Exercise 3
�
12 pts

�

(1) Recall the definition of an Artinian ring.

(2) Prove that every Artinian ring has Krull dimension zero.

(3) Compute the Krull dimension of Zrxs{p6, x2q.
(4) Compute the length of Zrxs{p6, x2q as a Zrxs-module.

Solution:

(1) (2 pts total) A ring is said to be Artinian if any descending chain of ideals

. . . Ij � Ij�1 � � � � � I0,

stabilizes (i.e. Ij � Ij�1 for j " 0).

(2) (3 pts total) We have to show that any prime ideal is maximal. By quotienting, this is
equivalent to showing that any Artinian domain is a field.

Let R be an Artinian domain, and let r � 0 be an element. Considering the descending
chain

� � � � prjq � prj�1q � � � � � prq,
we obtain in particular that prjq � prj�1q for some j ¡ 0. Hence, we can write rj � rj�1s
for some s P R, or equivalently

rjp1� rsq � 0.

Since R is a domain, we deduce that rs � 1, so R is indeed a field.

(3) (2 pts total) Note that
Zrxs{p6, x2q � pZ{6Zqrxs{px2q,

which is a free Z{6Z–module of rank 2. In particular, this is a finite ring, so it is certainly
Artinian. We conclude by the previous point that its Krull dimension is zero.

(4) (5 pts total) Consider the canonical short exact sequence

0Ñ p6, xq{p6, x2q Ñ Zrxs{p6, x2q Ñ Zrxs{p6, xq Ñ 0.

(1 pt)

Let us show that the natural map θ : Zrxs Ñ p6, xq{p6, x2q sending 1 to x gives an isomor-
phism

Zrxs{p6, xq � p6, xq{p6, x2q.
The morphism θ is surely surjective, so we only have to show that kerpθq � p6, xq. The
inclusion p6, xq � kerpθq is immediate. For the other inclusion, let f P kerpθq. Then we
can write

xf � 6a� x2b

for some a, b P Zrxs. We can rewrite this as

6a � xpf � bxq,

so given that 6 and x are coprime as Zrxs is a UFD, we deduce that 6 divides f � bx. In
other words, f P p6, xq. (2 pts)
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Hence, we have a short exact sequence

0Ñ Zrxs{p6, xq Ñ Zrxs{p6, x2q Ñ Zrxs{p6, xq Ñ 0,

so
lengthpZrxs{p6, x2qq � 2lengthpZrxs{p6, xqq.

By the Chinese Remainder theorem, the natural map of Zrxs–modules

Zrxs{p6, xq Ñ Zrxs{p2, xq ` Zrxs{p3, xq

is an isomorphism. Furthermore, the modules Zrxs{p2, xq and Zrxs{p3, xq have cardinality
2 and 3, which are prime numbers. Hence, they must automatically be simple, so we
deduce that lengthpZrxs{p6, xqq � 2. In other words,

lengthpZrxs{p6, x2qq � 4.

(2 pts)
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Exercise 4
�
14 pts

�

Let R be a ring.

(1) Let I � R be an ideal, and letM be a finitely generated R-module. Show that if IM �M ,
then there exists x P I such that p1� xqM � 0. Hint: Use adjugate matrices.

(2) Deduce Nakayama’s lemma for local rings: if R is local with maximal ideal m and M is
a finitely generated R-module such that mM �M , then M � 0.

Solution:

(1) (10 pts total) Let m1, . . . ,mn P M be generators of M . Then for all i, we can write
mi �

°
aijmj , with aij P I. Let m � pm1, . . . ,mnqT , and A � paijq P In�n. Then

Am � m,

or equivalently pA� Idqm � 0 (3 pts). We then obtain that

detpA� Idqm � adjpA� IdqpA� Idqm � 0,

so it is enough to show that detpA� Idq P 1� I. (4 pts)

By definition,
detpA� Idq �

¸

σPSn

sgnpσq
¹

i

pA� Idqiσpiq.

If σ � id, then one of the pA� Idqiσpiq terms is in I, and hence so is the whole product.
On the other hand, if σ � id, then each term pA � Idqii � aii � 1 is in 1 � I, and hence
so it their product. Thus, we conclude that detpA� Idq P 1� I. (3 pts)

(2) (4 points total) By the previous point, we deduce that for some x P 1�m (say x � 1�r
with r P m), then xM � 0. Hence, it is enough to show that x is a unit. (2 pts) If not,
then x P m since m is the only maximal ideal, so 1� r P m. Since r P m, we deduce that
1 P m, which is a contradiction. (2 pts)
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Exercise 5
�
18 pts

�

Let R � S be an integral extension of Noetherian rings.

(1) State the Going-up theorem and explain why the map SpecpSq Ñ SpecpRq induced by
the contraction of ideals is surjective.

(2) Let p � R be a prime ideal. Show that there is a one-to-one correspondence

t prime ideals q � S | qc � pu ÐÑ SpecppS{peqpq.

Remark: The notation on the right–hand side of the bijection denotes the localization of
the R–module S{pe at p, which we see as a ring itself.

(3) Deduce that there are only finitely many prime ideals q � S such that qc � p for a given
p � R. (Hint: you can use without proof that a Noetherian ring has only finitely many
minimal prime ideals).

Solution:

(1) (3 pts total) The Going-up theorem states that for any prime ideal p in R, there exists
a prime ideal q in S such that q XR � p. (2 pts)

Since the map SpecpSq Ñ SpecpRq is precisely the map given by sending a prime q in S
to qc � qXR, saying that the contraction of ideals is surjective is precisely the Going-up
theorem. (1 pt)

(2) (7 pts total) If a prime ideal q � S satisfies that qc � p, then surely q contains pe. Thus,
by the correspondence theorem, prime ideals of S contracting to p correspond to prime
ideals of S{pe satisfying some condition. (2 pts)

Let us show that this condition is exactly that q XRzp � H. If this is the case, then we
can conclude by the correspondence theorem for localization. (3 pts)

If q is a prime ideal containing pe such that q X Rzp � H, then surely the inclusion
p � q X R must be an equality. Conversely, if q X R � p, then q X pRzpq � H, so we are
done. (2 pts)

(3) (8 pts total) By the previous point, we have to show that pS{peqp only has finitely many
prime ideals. Since it is Noetherian, it is enough to show by the hint that any prime ideal
in this ring is minimal, or in other words that its Krull dimension is zero. (3 pts)

Since we have an integral extension of rings R � S, the induced extension R{p � S{pe is
also integral (note that pe XR � p, because if q is a prime such that q XR � p, then we
have inclusions p � pe XR � q XR � p). (1 pt)

Since localization preserves injections (it is an exact functor), we obtain an extension
pR{pqp � pS{peqp. Let us show that it is integral. Since the subset of integral elements
is a pR{pqp–module and that pS{peqp is general as a Rp–module by elements of the form
t
1 with t P S{pe, then it is enough to show that each element t

1 is integral over pR{pqp.
However, if t satisfies a certain monic equation over R{p, then t

1 satisfies the same monic
equation, so we deduce that, indeed, the extension pR{pqp � pS{peqp is integral. (2 pts)

Now, note that by definition, pR{pqp � FracpR{pq, so it is a field. In particular, it has
Krull dimension zero. Since the Krull dimension is invariant under integral extension, we
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deduce that pS{peqp also has Krull dimension zero. (2 pts)

Alternative proof (found by some students!): As already mentioned, it is enough to show
that every prime is minimal, or in other words there no inclusion q11 � q12 of primes in
pS{peqp. Assume by contradiction that there is such an inclusion, and let qi � S be the
prime corresponding to q1i (so that we still have that q1 � q2 by the two correspondence
theorems). Since q1XR � q2XR, this contradicts the addendum of the Going-up theorem.
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Exercise 6
�
20 pts

�

Let R be a Noetherian ring and let M be a finitely generated module over R. In this exercise
you can use without proof that localization is exact. We say that M is locally free if for every
prime ideal p � R, the localization Mp of M at R z p is a free Rp-module.

(1) Show that if for some prime p � R we have Mp � 0 then there exists f P R z p such that
Mf � 0.

(2) Show that if Mp is a free Rp-module for some prime ideal p, then there is f P R z p such
that Mf is a free Af -module.

(3) Show that if M is locally free, then there exist f1, � � � fs P R such that pf1, � � � , fsq � R
and Mfi is free over Afi for all 1 ¤ i ¤ s.

Solution:

(1) (6 pts total) Let m1, . . . ,mn be generators of M . By definition, for all i, we have that

mi

1
� 0 PMp,

or equivalently there exists ai P Rzp such that aimi � 0. (3 pts) Let f � a1 . . . an P Rzp.
Then by definition, fmi � 0 for all i, so

mi

1
� 0 PMf

for all i. (3 pts)

(2) (8 pts total) Let m1
s1

, . . . , mn
sn

denote free generators of Mp over Rp. Since each si P
Rzp, they become unit in Rp. In other words, the elements m1

1 , . . . , mn
1 also denote free

generators of Mp over Rp. (2 pts)

Now, consider the morphism θ : Rn Ñ M defined by sending ei to Mi. Then we have an
exact sequence

0Ñ kerpθq Ñ Rn θÝÑM Ñ cokerpθq Ñ 0.

By the choice of the elements mi, the localization of θ at p is an isomorphism. Since
localization is exact, we deduce that kerpθqp � cokerpθqp � 0. (3 pts) By the previous
point, there exists a, b P Rzp such that kerpθqa � 0 and cokerpθqb � 0. But then, if we
write f � ab, then

kerpθqf � cokerpθqf � 0,

so again by exactness of localization, we deduce that θf : R
n
f Ñ Mf is an isomorphism.

(3 pts)

(3) (6 pts total) By the previous point, we deduce that for all prime p in R, there exists
f R p such that Mf is free as an Rf -module. But then, the ideal pfpqp�R is not contained
in any prime ideal, so

R � pfpqp�R.

(3 pts) In particular, we can write 1 � a1fp1�� � ��anfpn for some primes pi and elements
ai P R. In other words, we deduce that R � pfp1 , . . . , fpnq. (3 pts)
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