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Rings and modules — Final
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Your Name

This examination booklet contains 8 problems on 28 sheets of paper including the
front cover and the empty sheets.

Do all of your work in this booklet, if you need extra paper, ask the
proctors to give you yellow paper, show all your computations and jus-
tify /explain your answers. Calculators, books, notes, electronic devices
etc. are NOT allowed.
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By k we always denote an arbitrary field.



QUESTION 1 [10]

Compute Tor?((Z & Z)/Z(4,6),Z/mZ) for all i > 0 and all m € Z.

The functors Tor’(-,Z/mZ) are the derived functors of the functor - ®z Z/mZ.
Hence,
Tor2((Z&7Z)/Z(4,6), Z/mZ) = (ZSZ)]7(4,6))RzZ/mZ = (Z/mZDZL/mTZ) |7/ mZ(4,6).

The other deriver functors are computed via projective resolutions. A free resolution
of (Z&Z)]Z(4,6) is
0—z"" " 207

Tensoring by Z/mZ over Z gives a complex

n—(4n,6n)

0—Z/mZ —  Z/mZ&ZL/mZ.

Thus,
Tot?((Z & Z)/Z(4,6), Z/mZ) = ker(Z/mZ "~ 7./mZ & Z/mZ)

BL/mZ  if 2 | m;

={ne€Z:4n,6n € mZ}/mZ = -
0 otherwise.

Also Tor?((Z © 7)) Z.(4,6), Z/mZ) = 0 for i > 2.



QUESTION 2 [12]

Let R be a commutative ring which is an integral domain. Let M be a finitely
generated R-module. Let Tor(M) be the torsion submodule of M.

(a) Show that Torf(R/rR, M) is the r-torsion submodule of M for all r € R.

6]
(b) Show that if M is flat then T'or(M) = 0. 3]
(c) Show that if R is a PID, then M is flat if and only if T'or(M) = 0. 3]

(a) Since R is an integral domain, the sequence

0 R—">R——>R/rR—=0

is exact. Hence, the complex

0—=R—=R
is a free resolution of R/rR. Then
Torf(R/rR, M) = ker(R®pM > RRpM)/im(00x M — RRgrM) = ker(M 5 M).
(b) If M is flat, then Torf(N, M) = 0 for every R-module N. Thus in particular
the r-torsion submodule Tor.(M) of M is 0 for all r € R. Then Tor(M) =
U,er Tor (M) = 0.
(c) If Ris a PID, then M = R™ & Tor(M) by the structure theorem for finitely

generated modules over a PID. Thus if T'or(M) = 0, then M is a free module
and hence flat.



QUESTION 3 [10]

Let ey, €2, e3 be a basis of the free Z-module Z3. Consider the submodule N gener-
ated by Te; — 3eq, 3¢ — e + 4deg, 61 — 2e5 + 2e3. Compute the Smith normal form
of the following matrix with entries in Z:

7T 3 6
A=1-3 -1 -2
0o 4 2

Then put the Z-module M = Z?/N into the form described by the structure theorem
for finitely generated modules over a PID.

We put the given matrix into Smith normal form using row and column operations:

7T 3 6 3 7 6 -1 -3 -2 1 -3 =2
-3 -1 2] =|(-1 -3 =2|—=|3 7 6 |—=[-3 7 6
0 4 2 4 0 2 4 0 2 -4 0 2
1 -3 =2 1 0 0 1 0 O 1 00
—-+10 -2 0 |—=10 -2 O )]—=1(0 -2 O |]—=10 20
0 —-12 —6 0 —-12 —6 0 0 -6 0 0 6

Let f : Z3 — Z3 be the linear map given by A. The image of f is equal to the
kernel of the natural projection Z3> — M. By changing bases of the two copies of
Z3 so that the matrix of M is in Smith normal form, we have found generators of
the module M which exhibit it as

7.)27. ® 7./6Z.

Since Z/6Z = 7Z/27 @ Z/37Z by the Chinese reminder theorem, the canonical form
of M according to the structure theorem for finitely generated modules over a PID
is (up to reordering the summands)

M = (2/27)%* © 7./37.



QUESTION 4 [5]

Let R be a commutative ring. Let T' be a multiplicatively closed subset of R. Show
that if R is noetherian, then 77! R is noetherian.

The ring T~ R is noetherian if and only if it is noetherian as 7! R-module, if and
only if all its submodules are finitely generated. The submodules of T7'R as T~ k-
module are the ideals of T7'R. Let I be an ideal of T-!R. We recall that I = ¢
under the morphism ¢ : R — T~'R given by the universal property of localization.
Since R is noetherian, the ideal I is finitely generated. Then I = ((I°)T 'R is
finitely generated as an ideal of T R.



QUESTION 5 18|

Let k be a field. For each of the following rings R compute the nilpotent radical of
R, compute a minimal primary decomposition of (0), compute the prime ideals of
height 0 of R, compute the Krull dimension of R.

(a)
(b)
()

R = klz,y]/(2%y, zy?). 6]
R = klxz,y, 2]/ («* + y* + 2y). 6]
R = k[z]/(z* + 1) (the answer should depend on the field). [6]

(a)

(b)

Let J be the radical of the ideal I = (z%y,zy?) of k[z,y]. Then zy € J,
I C (zy) C J and rad(zy) = (zy) (the last holds because if zy | f™ for
some f € k[z,y], then zy | f using the fact that k[z,y| is a UFD and z,y
are irreducible elements of k[z,y]). So J = (zy), and the nilpotent radical
of R is the principal ideal ZyR. We observe that I = (xy) N (22,y?) =
(x)N(y) N (2% y?). The ideals (x) and (y) are prime and the ideal (2%, y?) is
primary because its radical is the maximal ideal (x,y). This decomposition is
minimal because (y) N (22, y?) = (2%y,y?) € (@), (x) N (22, y*) = (2%, 2y?) €
(y) and (z) N (y) = (zy) € (2%,9°). Thus (0) = (T) N (F) N (@ 7°) is a
minimal primary decomposition of (0) in R. Any prime ideal of R contains
the nilpotent radical of R. In particular it contains @ or 3. Thus the prime
ideals of height 0 in R are (Z) and (¥), and R has Krull dimension 1 as
(Z) C (7,7y) is a maximal chain of prime ideals.

We observe that the polynomial z* + y* + 2y = 2* + y(y® + 2) is irreducible
by the Eisenstein criterion applied k[y, z][x] with the prime y. Then R is an
integral domain, hence (0) is the nilpotent radical of R, it is the only prime
ideal of height 0, and (0) is also a minimal primary decomposition of (0).
The Krull dimension of R is computed by trdeggFrac(R). We observe that
Frac(R) = k(y, z)[z]/(z* + y* + 2y) is an algebraic extension of k(x,y) and
hence has the same transcendence degree, which is 2. So dim R = 2.

If k has characteristic 2, then z*>+1 = (z+1)? in k[z], so rad(z?+1) = (z+1)
and the nilpotent radical of R is (z + 1), which is a maximal ideal of R. Then
(0) is a primary ideal of R and also the mimimal primary decomposition of
(0). Every prime ideal of R contains the nilpotent radical, hence (x + 1) is
the only prime ideal of R, it has height 0, and dim R = 0.

If £ has not characteristic 2, and does not contain a square root of —1,
then z? + 1 is an irreducible polynomial in k[z]|, and R is a field. Then the
nilpotent radical of R is (0), it is also the minimal primary decomposition of
(0) and the only prime ideal of height 0. The Krull dimension of R is 0.

If £ has not characteristic 2 and contains a square root { of —1, then
22+ 1= (x+¢)(x — () is a decomposition in irreducible factors in k[x]. We
observe that the ideal (2% + 1) = (z + ¢) N (z — ¢) of k[x] equals its radical
because it is an intersection of prime ideals. Thus the nilpotent radical of R
is (0), a minimal primary decomposition of (0) is (0) = (z + {)N(x — (). The
prime ideals of height 0 are (x 4 () and (z — (), they are maximal ideals, so
dim R = 0.




QUESTION 6 [20]

(a) Let R be a commutative integral domain. Let 7' C R be a multiplicatively
closed subset. Prove that if R is integrally closed, then T7'R is integrally

closed. [5]

(b) Show that the following rings are integral domains and compute their integral
closure:

() Riegl/ay-1) 5

(i) Qlz,y, 2]/ ((x +y)* —yz") [10]

(a) Let a be an element of Frac(T™'R) = Frac(R) that satisfies an integral
relation

(b)

(2

n—1
a”+;%ai20

with a; € Randt; € T foralli =0,...,n—1. Let t = H?:_Ol t;. We multiply
the equation by t" to obtain

n—1 n—1
0=t" (a" + Z %o/) = (ta)" + Z bi(ta)’

=0

with b; = ait" """ [Jo<j<n-1t; € R. Since R is integrally closed, we have

FE=
ta € R. Then o = tTQ e T 'R.

(i)

Rz, y]/(xy—1) = R[z], is an integral domain because it is a localization
of an integral domain. Since R[z| is a PID it is a UFD and hence
integrally closed. Then Rz, y]/(xy — 1) = R|z], is integrally closed
by previous exercise because it is a localization of R[z]|. Alternatively,
Rlz,y]/(zy — 1) is a PID because it is the localization of a PID. Hence
it is integrally closed.

Let R = Q|z,y, 2]/ ((z+y)? —yz?). We observe that R = Q[y, 2][z]/((z+
y)?>—yz?) is an integral domain because Q|y, 2] is a UFD and the polyno-
mial (z+y)?—yz? = 22+ 2yx +y(y — 2*?) is irreducible by the Eisenstein
criterion with the prime y. We observe that ¢ := xg—ty € Frac(R) sat-
isfies the integral relation t> — 3 = 0 over R. Therefore the subring
S = QI[z,7,z,t] C Frac(R) is an integral extension of R. We observe
that S = QJz,t] because y = t* and T = z* — t* in S. Since R C
S C Frac(R), we have Frac(S) = Frac(R). Since trdegq F'rac(R) > 2,
the two elements ¢,y are algebraically independent over Q. Then S is
isomorphic to a polynomial ring in two variables over Q. In particular,
S is a UFD, and hence integrally closed in Frac(S) = Frac(R). So S
is the integral closure of R in Frac(R).



QUESTION 7 [15]

Let R be a commutative ring containing a multiplicatively closed subset 7". Endow
the R-module R & R with the coordinatewise multiplication (ry,72) - (r7,75) =
(ryry, rorh) for all ry, 7}, ro, 7y € R. Show that the subset T@® T C R® R is a
multiplicatively closed subset of R @& R. Then prove, using the universal property
of localisation, that there is an isomorphism of rings (T®T) ' (R® R) = (T™'R) &
(T7'R).

Asaset T®T = {(t1,t2) € RO R : t1,to € T}. We observe that the neutral
element (1,1) of the multiplication of R @ R belongs to T'@® T because 1 € T.
MOI‘GOVGI‘, if (tl,t2>, (tll,té) eTo T, then (tl,tQ) : (tll,té) = (tltll,tgté) eTo T,
because t1t],tath, € T, as T is a multiplicatively closed subset of R.

Let ¢+ : R — T 'R be the morphism associated to the localization T"'R. Let
t®L: ROR — (T'R)® (T'R) be the induced morphism (i.e., the morphism that
sends (rq,73) to (t(r1), t(r2)) for all vy, 7y € R). We show that ((T"'R)®(T'R), 1®1)
satisfies the universal property that defines (T & T)"'(R & R).

Assume that f: R® R — S is a ring homomorphism such that f(T' & T) C S*.
Any morphism g : (T7'R) @ (T"'R) — S such that go (¢ ®¢) = f must satisfy

sttt ((752) = stetehateas ( (7 32) ) = ol 62 = FlGrar2)

tl t2 tl t2

for all v,y € R and all t1,t5 € T. The equalities take place in S. Since f((t1,%2)) €
S* by assumption, we conclude that if g exists it is unique, because it must satisfy

g((52)) = () F (0, 12)).

Let us define g by g¢ ((T—l T—2>> = f((t1,t2)) " f((r1,7m2)) for all r,75 € R and

t17 to
t1,to € T. It remains to show that g is well defined and a ring homomorphism.
If <;—11, ;—;) = (:—,/1, :—,/2> € (T"'R) ® (T™'R), then there exist uj,u)y € T such that
1 2

uy (tyr — t1ry) = ua(tarh, — thra) = 0. Then

S, t2)) 7 f((r1,m2)) = F((ra, 7)) f (Frua, tyus)) f((Ertyun, tathus)) ™!
= F((r o) f(Trua, taug)) f (Bt tathug)) ™ = (2], 15) 7 f((r, 75))-

So g is well defined. Also g ((ﬂ T—Q) (T—} T—?)) ((:i,g)) ((:},:?)) and

t17 to tho ot

g
()52 = () o((34)) o (). 5.
(T'R)®(T'R), because f((t1t], taty)) "' f((rirh, rars)) = f((t1,12)) " f ((r1,72)) f((#1, 85)) " f((r7,75))
and f((trt], tath)) ™ f((#rri+tary, thrattary)) = f((t1, t2)) 7 f((r1, m2))+F (8, 15)) 7 (], 75))
as f is a ring homomorphism.



QUESTION 8 [10]

State and prove the Going-Up Theorem. You can use without proof all the prelim-
inary lemmas and propositions we proved before the actual proof of the Going-Up
Theorem.

Statement.

Let S — R be an integral extension.

(1) If p C S is a prime ideal, then there is a prime ideal ¢ C R, such that
qgnN S =p.
Addendum: if there are prime ideal p’ C p C S and ¢ C R, such that
¢ NS =y, then we may choose ¢ such that ¢’ C q.
(2) Let ¢ € ¢ C R be prime ideals. Then ¢NS #¢' N S.

Proof.

(1) Choose p C S prime. Then
(a) S, — R, is an integral extension.
(b) S, is a local ring with maximal ideal m := pS,,.
Choose now, any maximal ideal n of R,. Then n NS, is a maximal ideal
because S, — R, is an integral extension, hence n N S, is necessarily m.
Define ¢ then to be the contraction of n along R — R,. We have the
following commutative diagram:

S 'S R

b |

Sp¢> R,

Using the notations of the diagram:
'n=jg'm=p,
where we used the correspondence between prime ideals under localization
in the last step.

For the addendum, just note that ¢'R, is a proper ideal such that j]gl (R, =
¢ (we are using that ¢ NS = p’ C p and hence ¢' N (S \ p) = 0). Hence, we
may pick n to contain ¢'R,, and hence, q := j'(n) contains ¢

(2) Assume the contrary, that is, p :== ¢N S = ¢ N S. Perform then the same
localization construction as in the diagram. As above, ¢R, C ¢'R, are proper
prime ideals, as they avoid S\ p, and hence their contraction in R is ¢ and
¢’ respectively. Also, their contraction in S, are prime ideals that contract
to p. Hence, these two contractions are equal:

pS,=S,Ng=5,N¢.

Hence, using that pS, is maximal and S, = R, is an integral extension, both
qR, and ¢'R, are maximal, which is a contradiction.

gnNsS =1"1¢g= L_ljﬁln = jglL;



