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Problem 1

Provide a certificate (as in Theorem 1.1 in the lecture notes) of the unsolvability of the linear
equation 2 1 0
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Problem 2

Let A ∈ R3×2 be the matrix

A =

−1 1
1 1
0 −1


and b ∈ R3 be the vector

b =

 1
1
−2


defining the system of inequalities Ax ≤ b that does not have a feasible solution. Find a Farkas’
certificate, i.e., a λ ∈ R3

≥0 with λTA = 0 and λT b = −1.

Problem 3

Show the “if” direction of the Farkas’ lemma: given A ∈ Rm×n, b ∈ Rm, if there exist a λ ∈ Rm
⩾0

such that λ⊤A = 0 and λ⊤b = −1, then the system Ax ≤ b of linear inequalities does not have a
solution.

Problem 4

Consider the following linear program:

max x + y
s.t. 3x + 2y ≤ 6

x + 4y ≤ 4.

The solution (x, y) = (8/5, 3/5) satisfies the both constraints and has the objective value 11/5.
Provide a certificate that this is an optimal solution.



Problem 5

Let G = (V,A) be a directed graph and s, t ∈ V be two designated vertices. For a vertex v ∈ V we
let

δ+(v) = {(u, v) : u ∈ V, (u, v) ∈ A} and δ−(v) = {(v, u) : u ∈ V, (v, u) ∈ A}

the arcs entering and leaving v respectively. Consider the following inequalities∑
a∈δ+(v)

xa −
∑

a∈δ−(v)

xa = 0 v ∈ V \ {s, t}∑
a∈δ+(s)

xa −
∑

a∈δ−(s)

xa = −1∑
a∈δ+(t)

xa −
∑

a∈δ−(t)

xa = 1

xa ≥ 0 a ∈ A.

(1)

a) Consider the following digraph with s and t and a partial assignment of arc variables. Can this
partial assignment be completed to a feasible solution satisfying the inequalities (1)? If yes,
complete the assignment.
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b) Show the following for a digraph G = (V,A) with s, t ∈ V : If there is a path connecting s and t
in G, then the system of inequalities (1) has a feasible solution

c) (*) Show the following for a digraph G = (V,A) with s, t ∈ V : If the system of inequalities (1)
has a feasible solution, then there is a path connecting s and t in G.


