Random  graphs

X




Efo@b’s — Rényi random 3ra,/oh model

Jwo vaciants:

1 L the /g(n,/l/> model. @ qraph /s chosen
M,M/'form/g at vrandom from the collection
of atl  grephs  which have n  Caboled — nodeS
and IV 60{386.

> lIn /@ (e, P) model, . a gfa,/oh /S constructed
g Y wmmec{mj tabeled  nodes fcma/om@,
Eacti  ed (9e s included in the graph with
pro@a 6/ €. ij P, dependen f@ from every other 60{78.



COMPG.(‘I'SOVL geiu/een, 'éwo moa/e/s.

COM%/'der the  second — model /fy(ﬁ/) F>

What is the /Ofogagr‘@'? /AD/ that @ vandom fm,/aﬁ,
WLS 6xac‘é% /\/ eo/jeg?



COMPG.(‘I'SOVL geiu/een, 'éwo moa/e/s.

COM%/'der the  second — model /fy(ﬁ/) F>

What is the /Ofoga@@'? /AD/ that @ vandom jm/aﬁ,
WLS 6xac7f% /\/ eo/jeg?

VI’(VL_/Ij W, H(W’/)_/\/
2= S — 2
< y >P (1=P)




Pell cwurve again

M= 20

p=03%

01 2 %> 9 5 6 7 8 91/ - 20
v=pM

Heuristically | if pr*— 2, then “Tn,p) behaies simlarty
L MY, N with W= (2)-/3.



Question:
What s +he pm@a&'&foy that @ vandom 3ra,/ok

(S connected 2

W e answer O/Q/OQVLO/S on Faramefe rs n, /\/ or /3

Answee ( Ecdés - Renyc  1959)
HAs n g0es b l'mf;‘m;'fg
- 4 _ tog(m
N > N 505 (n) P _im/_,

5 @ sharp  threshold — Jor the  comnectedness of
Y n, V) Y (n, P



Lt ¢ be an m&'émr}/ frxed real nwmber
We set

/\4 :[[z_VL Log(m)+ Q'Vz,]_

T%eorem(gro@cﬁs - Re%yd)

Let  P(a i) denote the probabitity of Y,
560%9/ connected

Then we have

fim, P(n,N) - e

n—> o0

-2C
e



Other 7ues£ions:

L Whet s the probafilty  that Y (u )

has exac%ﬁg/ K comnected components

2. Wﬁwf /'S5 a é;/b/'caé SIze of ébe @99._05%
connecteol componen%



Pefinition: A graph G=(V,ED s of Y%f/oe A
f it comsists of Kk isolated points  and
a  conmected graph  havie  n-k verties

d
Ay\v 3ra,{>ﬁ, (,{//n'ch,_—/'s not of -ﬁjpe A s cabled

to be of ‘@Pe A

Lemma: Let P(A, n, /lé> denote the  probabitity
of /QM// v geahg of fy/oe A
Then  we have

Lim P(A’) n/\/c> = O,

n—> oo

Thus for @ lage n almost all grophs 9, ae of Lpe A



Froos of the lemma:

et M 6be a Cawge /DOS/'JL/'U“@ nwm@er} which, witl b

chosen. Llater

E, — the set of graphs in Y MY such that
the greatest comected component consists of not less

then n-M Po/més.

e —

Em — complement of Ey.

/V(),f % ( EM o, /\/C/> denote the size of EM'



1f the  graph consists of +  connected
%am'ng £, points  (4=42,..,7) then
‘r €. =n  and i(iBZ Ne.
i=1 i
Thecesore  if L = max t;  we  have
[~1 Ne

— 7 = wnd thus

s implies M

I\
=
|

T\/\er@fove we have

N (E,  w, M)

I
=
M
N
R

components



Pro@oLQ(LLch of H)I\/Q @e@m\g&ia o the class EM

) =
P(E, wn Nc>:%( N

B
T ZWS))
e




We with use the f@élomn,% estimates for nzh,

<<g\ -5 CM—S)>
/\/c, e(.%—?,c)s

<g> <<2>> é =y j:or F %_
and e
<<2> -5 (M—5)>
(2-2c)(n-s)
(1) - = s> %

< oV
<(‘2)> R CETI

Ne



(32-2<) s (3-2¢)S

P(EM)VL//\/> Ee +Z€
5> 2Me : 5>M

= for nzn,

Thus

)

[+ suffices to showr that
b P (/AT f ELO?“?“// v, A/C) =0,

h— =o



We hawe
o(7 E@@n,n,@éifgfm( )2 H( X ¥ 5>>

%
<<Z>> S=2
Ve
/'JC the un-s FO/'MLS Jﬁorm/'ﬂﬁ Lhe jrem‘esé connected componemf of

a  greph g@[@ﬂﬁdng o the set Z}\f\ Ebﬂwgw are. f/'xeoéj

then f 1 /s the wumber of edges  connecting some of

6@(‘,0}{/{5@

s points outside this connected component we  must Acw’e r=1
s

anol these r edges Can e chosen In <( >> ways N s)

the remaining N.-v edges can be chocen in 125S ﬁcm(/\/ - | ways



Thus we oftain

YA\
®

Therefoce

This Linishes

g2 Lloglogny
| e(g@@

4V
L —> 00 e R
the proos  of the  lomma 7



Roos of Theorem:
/}/2/0 (Vb)/\/c> —  wumber of  connected ympks I @(%,/ch

W//o (n /\/c> — wumber of graphs i Y ( w M) Aaw'nj,
no 1solated points

M, (n K )- Z 43 (%) <<%o>>

E xercice . Fove this statement

/V[Ofeoq)‘ef‘
2st] n-k / X /o Vlz——k
Zg(_i)k (;u) <</\Z/c>> < 4?/0 < Z(—ﬁO (K) <</\/0>>

Exercise: Use Bowsecconi +heorem o prove this statement



For oy Ffixed value of K we

L
/6%0 ~j> e

120 <g> k!
N

EXQ(OI\SQ/[ Comp/efe/ %Az's ooml/obcfmédom/,
Thus we oftain

6'% 72;(%,/\43 —i (—/|BK e_zkc

= e | & (n, N K |

x
Il
)



Cgeafeg/ wamber 0 M/{ztmgehf of OOMMQ(/%Q,OZ
aphs raphs
B/ %gamf\g no isolated ?P graphs not of the dJorm

O

/ points { isolated P-IS} 1L iov)e wnv;ede?
— { _ Omponent
<W/O CVD/M/) W/OULM/QB » /YZ/(A)H,//\/C>.
| 4w, KO [, 1))
Eg the lemma @(A}n//%/)ﬁO as . —» oo

| Y n, /D)

This f{w‘s%eS the Proof of  the theorem. . @



